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Abstract

We study supermodular games on graphs as a benchmark model of cooperation in networked systems. In
our model, each agent’s payoff is a function of the aggregate action of its neighbors and it exhibits strategic
complementarity. We study the largest Nash equilibrium which, in turn, is the Pareto optimal equilibrium in the
presence of positive externalities. We show that the action of a node in the largest NE depends on its centrality in the
network. In particular, the action of nodes that are in the k-core of the graph is lower bounded by a threshold that is
nondecreasing in k. The main insight of the result is that the degree of a node may not be the right indicator of the
strength and influence of a node in the equilibrium. We also consider Bayesian supermodular games on networks, in
which each node knows only its own degree. In this setting, we show that the largest symmetric Bayesian equilibrium
is monotone in the edge perspective degree distribution.

I. I NTRODUCTION
The last decade has witnessed a tremendous effort in analysis, design, and control of large-scale systems using
game-theoretic methods. Such methods are naturally well-suited to studying the global effect of local optimizations
by individual elements of a system. In many such systems, network structure among the elements of the system
plays a significant role in the nature of local interactions: sensor networks and social networks are both examples
of “systems” where local interactions are governed by a network structure.
In this paper we study a class of game-theoretic models where a network governs the local interactions among
agents. In particular, we focus on network games in which players experience strategic complementarities from
their neighbors’ actions; formally, the payoff of a node exhibits increasing differences in their own action and the
action of their neighbors. The games we consider are a special class of supermodular games, and as such exhibit a
range of useful properties for analysis: pure strategy Nash equilibria are guaranteed to exist; myopic best response
dynamics converge; and structural characterizations of equilibria are available.
Many of results are developed in a further specialized class of models where agents’ payoffs are increasing in
the actions of their neighbors; i.e., the payoffs exhibit positive externalities. These types of games can be used to
capture efforts of nodes to coordinate across the network. For example, such games can be used for models of
technology adoption and price competition in networks. In these games, the largest Nash equilibrium (in a lattice
sense) is also the equilibrium most preferred by all agents.
We develop results for two classes of games, depending on the amount of information nodes have about the
network. We first consider a setting where nodes have complete information about the network. We show a close
relationship between the largest equilibrium and the set of k-cores of a graph; this relationship is exploited to help
shed light on the importance of centrality of a node in the graph in determining the nature of the largest equilibrium.
Centrality measures may be poorly estimated by the degree. Hence, predicting the outcome of the game based on
the degree profile can be misleading.
Next, we consider a class of games where agents do not necessarily know the network structure. We model this
uncertainty using a game of incomplete information, studied via Bayesian equilibria. In the model we consider, each
node knows its own degree, but not the degree of other nodes in the graph. The Bayesian equilibria of such games
are known to be monotone in the degree; we show that in fact the best response mapping preserves monotonicity
of strategies. We use this fact to show that the largest NE is monotone in the edge perspective distribution of the
graph. Notably, the first order stochastic dominance ordering for the edge perspective distribution is not the same
as the first order stochastic dominance ordering for the degree distribution of the graph.
We note that local interactions have also been studied from a probabilistic standpoint. For instance, a simple
probabilistic diffusion model can be used to model the spread of viruses in computer networks or contagion in
human networks: at each time step, a susceptible host becomes infected with some probability if at least one of its

neighbors is infected. The evolution of such non-strategic models of spread is well understood. However, a similar
understanding of the role of network structure on equilibrium configurations in a strategic setting are not as well
understood; this literature is relatively young. Our paper contributes further to understanding these types of strategic
models on networks.
The remainder of the paper is organized as follows. In Section II, we introduce our model and give some examples
of network games that can be studied in our framework. Next, we review some of the basic results on the theory
of supermodular games in Section III. Section IV is devoted to characterizing the largest NE under the complete
information assumption. The incomplete information scenario is analyzed in Section V. We finish the paper with a
few qualitative insights and comments about the results in Section VI.
A. Related Work
The abstract notion of games on graphs was introduced in [9] to model a large of number of strategic agents
who interact locally. In this work, each player plays a 2 person game with each of its neighbors. The games they
consider are not necessarily supermodular, and the emphasis is on computational approaches to find equilibria [13].
By contrast, our work focuses on games on networks that are supermodular. An important example of supermodular games on graphs are technology adoption games. These games have been studied extensively in the social
network literature [10], [6], [12]. Roughly speaking, these games model the social phenomenon that people prefer
to adopt technologies that are compatible (or equal) to the ones adopted by their acquaintances. The most studied
question in this literature is whether a newly introduced technology that is initially adopted by a small number
of nodes can eventually be adopted by the majority of people and become epidemic. In [12], Morris gives graph
theoretic conditions under which a new technology becomes epidemic. However, little is known for the setting that
none of the technologies become epidemic in equilibria.
The most closely related work to our own is [5] and [14]; these papers consider games with local interactions
where each player has incomplete information about the network structure. In [14], each user’s action is whether to
or not to adopt the existing technology. Each player knows its own degree, and has different posterior distributions
on the degree of neighboring and non-neighboring nodes. The existence of Bayesian equilibria and monotonicity in
the degree are established. This model is an example of supermodular network games in which the action space is
finite and has cardinality 2. A more general setting has been studied in [5], where the action space can be either a
finite set or a compact interval. Similar results on the existence and monotonicity of BNEs have been presented in
this work. Our model in Section V, is closely related to the models considered in [5]. However, our main insight
is to show that equilibria are monotone in the edge perspective degree distribution.
II. M ODEL
We consider a network represented by G = (V, E). Each player is associated with a node in G and is limited to
play only with its neighbors. All players have the same strategy set X = [0, 1]. (We can generalize our model and
results to include discrete, finite action sets as well in a straightforward manner; in this paper we only present the
results for continuous action spaces.) Let V = {1, 2, . . . , n} and let x = (x1 , x2 , . . . , xn ) denote the action vector.
The payoff of player i given x is:
X
Πi (x) = u(xi ,
xj ) − c(xi )
(1)
j∈∂i

where ∂i = {j ∈ V : (i, j) ∈ E}. In words, each player’s utility depends on its own action and the aggregate
action of its neighbors. However, the player’s cost is only a function of its own action. In the sequel, the following
notation will be used to represent the sum of actions of i’s neighbors:
X
Σi (x−i ) =
xj .
j∈∂i

We assume that Πi (x) is continuous, and has increasing differences in xi and x−i : for all xi > x′i , and x ≥ x′ ,
Πi (xi , x′ −i ) − Πi (x′i , x′ −i ) ≥ Πi (xi , x−i ) − Πi (x′i , x−i ).

(2)

If u(xi , Σi (x−i )) is increasing in the second argument, we say that the payoff function exhibits positive externalities.
We do not require the positive externalities assumption for all our results; however, as explained in section III,
imposing this assumption leads to stronger conclusions about the game.
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We conclude this section with some examples.
Example 2.1: (Bertrand Competition) Suppose each node represents a firm. Each firm competes with its
neighbors and sets a price pi ∈ [0, 1]. Assume that firm i receives demand Di (pi , p−i ). If all firms share the
same marginal cost c per unit of good produced, then:
Πi (p) = (pi − c)Di (pi , p−i ).
P
We assume Di (pi , p−i ) = a − bpi + d j∈∂i pj is the demand that firm i receives. Since each node only competes
with its neighbors, the network structure plays an important role in the price of a firm at equilibrium. It is easy
to check that these utilities exhibit increasing differences in pi and p−i . This game is studied in detail in Section
IV-A.
Example 2.2: (Local Search Model) Suppose each node represents an agent who is looking for trading partners.
Each agent i exerts effort ei ∈ [0, 1] that costs c(ei ), where c(·) is increasing and continuous. Node i’s effort only
affects the payoff of its neighbors. In other words, the effort
P of a non-neighbor agent does not help in finding
trading partners. The probability of finding a partner is ei j∈∂i ej . Hence,
X
Πi (e) = ei
ej − c(ei ).
(3)
j∈∂i

This is a simplified version of Diamond’s search model [3] modified to incorporate the network structure.
III. D EFINITIONS

AND

P RELIMINARIES

In this section, we first define supermodular games and then review some of the basic properties of this class
of games. The theory of supermodular games is closely related to the theory of lattices; in general, supermodular
games are defined for any strategy set that is a complete lattice in k-dimensional Euclidean space. However, since
we assume that the X = [0, 1], we present a simplified version of the results. We refer the reader to [15] for a
thorough review of the theory.
Definition 3.1: Consider a finite n-player game, where player i has action set X and payoff function Πi , and X
is a compact subset of R. The resulting game is supermodular, if:
1) Fixing x−i , Πi (xi , x−i ) is upper semicontinuous in xi , and fixing xi , Πi (xi , x−i ) is continuous in x−i with
a finite uniform bound in x−i .
2) Πi (xi , x−i ) has increasing differences in xi and x−i .
Clearly, the general class of games defined in (1) satisfies the above conditions, and therefore such games are
supermodular. We can also extend the above definition to include other parameters that affect the payoff. Given a
partially ordered set T , the tuple (n, X n , Πi (x, t)) is a family of supermodular games indexed by t if Πi (x, t) has
increasing differences in xand t.
The following proposition is a key property of supermodular games. See [15] for details.
Proposition 3.2: Given x, for each player i, define the largest best response mapping as follows.
(
)
BRi (x−i ) = max argmax [u(z, x−i ) − c(z)] ;
z∈[0,1]

If x−i ≥ x′ −i then BRi (x−i ) ≥ BRi (x′ −i ).
The following corollaries are consequences of Proposition 3.2 [15].
Corollary 3.3: Pure strategy Nash equilibria exist in supermodular games.
Moreover, the largest NE, x∗ (x∗ ) can be computed by following the largest best response dynamics started from
an appropriate point, as follows. Suppose x0 ≥ x∗ ; we define the largest best response dynamics as follows,
xt+1 = (BR1 (xt−1 ), BR2 (xt−2 ), . . . , BRn (xt−n ))
and we have:
lim xt = x∗

t→∞

In particular, in our setting if x0 = (1, 1, . . . , 1) then xt ↓ x∗ .
3

Corollary 3.4: For a family of supermodular games indexed by t, x∗ (t) is monotone in t, i.e., x∗ (t) ≥ x∗ (t′ )
for t ≥ t′ .
Definition 3.5: Suppose x, x′ ∈ X n . We say x is Pareto preferred between x and x′ if for each i, Πi (x) ≥
Πi (x′ ).
The subsequent sections are devoted to studying the largest NE. The following proposition illustrates an important
property of the largest NE when each player feels positive externality from other players.
Proposition 3.6: For a supermodular game, if each payoff function exhibits positive externalities then the pure
Nash equilibria are ordered in accordance with Pareto preference. In particular, the largest NE, x∗ is Pareto preferred
among the set of all Nash equilibria.
Proof: Suppose, x∗ and y ∗ are two equilibria of the game and x∗ ≤ y ∗ . The following inequalities establish
the thesis,
x∗ ≤ y ∗ ⇒ x∗−i ≤ y ∗−i ⇒ Πi (xi , x∗−i ) ≤ Πi (xi , y ∗−i ) ≤ Πi (yi , y ∗−i )

(4)

The last inequality follows from the fact that y ∗ is a Nash equilibrium.
In Section V, we also consider Bayesian supermodular games; in such models, each agent i effectively plays
against a random vector X −i . We require the following definition.
Definition 3.7: Suppose X, X ′ : Ω → R are two real valued random variables. X ′ is first order stochastically
dominated by X if for x ∈ R,
P(X ′ ≤ x) ≥ P(X ≤ x)

(5)

we use the notation X  X ′ to denote the first order stochastic dominance (FOSD). An equivalent condition to 5
is that for every nondecreasing function f (·), E[f (X)] ≥ E[f (X ′ )].
Proposition 3.2 generalizes to the abstract setting that each player i plays against a random vector X −i , under
the FOSD ordering on distributions. First we define the corresponding largest best expected response as follows:
(
)
BERi (X −i ) = max argmax E [u(z, x−i ) − c(z)]

(6)

z∈[0,1]

Proposition 3.8: If X −i  X ′ −i then, BERi (X −i ) ≥ BERi (X ′ −i ).
IV. C OMPLETE N ETWORK I NFORMATION
In this section we study supermodular games where nodes have complete information about the network. We
require the following definition.
Definition 4.1: Given G, the induced subgraph Gk is the k-core of G if it is the largest subgraph such that the
degree of all nodes in Gk is at least k.
Cores can be used as a measure of centrality in the network. Note that k-cores can be obtained by a simple
pruning algorithm: at each step, we remove all nodes with degree less than k. We repeat this procedure until there
exist no such nodes or all nodes are removed. It is not hard to see that this algorithm converges in at most n steps.
Hence, we can determine all possible cores in at most ∆max n iterations, where ∆max is the maximum degree of
nodes in V .
We define the coreness of each node as follows.
Definition 4.2: The coreness of node i, cor(i), is k if and only if i ∈ Gk and i ∈
/ Gk+1 .
It is not hard to see that cor(i) ≤ deg(i). However, there is no other relation between the degree and coreness of
nodes in a graph. Figure 1(a) is an example of a graph in which deg(1) > deg(2) but cor(1) < cor(2).
We have the following theorem, which relates the largest NE to the k-cores of the graph.
Theorem 4.3: Given a graph G, let K = maxk {Gk 6= ∅}. For the game defined by (1), the largest NE, x∗ , has
the following properties:
1) There exist thresholds 0 ≤ γ1 ≤ γ2 · · · ≤ γK such that if cor(i) = k, then x∗i ≥ γk .
2) For a graph G ′ = (V, E ′ ) such that E ′ ⊆ E, let y ∗ be the largest NE. then y ∗ ≤ x∗ .
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(a) cor(1) = 1; cor(2) = 2. (b) Monotonicity of fixed points of BRk (x). (c) Graph of Example 4.4.

Proof: Property (1): Let BRk : [0, 1] → [0, 1] be the largest best response to kx, i.e.,
(
)
BRk (x) = max argmax [u(z, kx) − c(z)]
z∈[0,1]

It is straightforward to show that BRk is a nondecreasing mapping from [0, 1] to itself, and so by Tarski’s fixed point
theorem, there exists γ ∈ [0, 1] such that BRk (γ) = γ [15]. According to Proposition 3.3, if we let x0 = (1, 1, . . . , 1)
and follow the largest best response mapping, we will converge to the largest NE. Consider i ∈ Gk , and let xti be
the t-step iterate in this sequence. After one step,
x1i = BRdeg(i) (1) ≥ BRk (1).

(7)

Further, node i has at least k neighbors for which an inequality similar to (7) holds. Therefore,
Σi (x1 ) ≥ kBRk (1).
Applying Proposition 3.2 results in:
(2)

x2i ≥ BRk (BRk (1)) = BRk (1).
Repeating the above argument, we have:
(t)

xti ≥ BRk (1), t ≥ 0.
Therefore,
(t)

x∗i = lim xti ≥ lim BRk (1).
t→∞

t→∞

(1)

(t+1)

Proposition 3.2 implies that BRk is a nondecreasing function. Therefore, BRk (1) ≤ 1 implies BRk
(1) ≤
(t)
(t)
BRk (1). Hence limt→∞ BRk (1) = γk , where γk is the largest fixed point of BRk (x). The only remaining task is
to show that γk ≤ γk+1 . This follows from the observation that BRk (x) ≤ BRk+1 (x) and therefore its corresponding
fixed point, γk+1 , is at least γk , Figure 1(b).
Property (2): Let EG be the collection of all subsets of EG = {(i, j), i, j ∈ V }. It is straightforward to check
that EG is partially ordered under set inclusion. Let
X
Σ′i (x) =
xj ,
j∈∂ ′ i

where ∂ ′ i = {j ∈ V, (i, j) ∈ E ′ }. Since x ≥ 0, Σ′i (x) ≤ Σi (x). Equation (2) implies that Πi (x) satisfies the
increasing differences property with respect to the partially ordered set EG . Considering the set of edges as the
parameter, the thesis follows by applying Corollary 3.4.

5

Note that monotonicity of the thresholds γ1 , γ2 , . . . , γK does not imply monotonicity of the actions in the largest
NE. In particular, depending on the network structure, we may have games in which x∗i > x∗j while cor(i) < cor(j).
An instance of such a game is illustrated in the following example.
Example 4.4: Let V = {1, 2, . . . , ∆ + 5}, E = {(i, j), 1 ≤ i < j ≤ 4} ∪ {(5, 6), (5, 7), . . . , (5, ∆)}, and
3
Πi (x) = xi Σi (x) − x3i − xi .
4
The graph is shown in Figure 1(c). The intuition is that even though cor(5) = 1, it has so many weekly
q connected
P
P
1
∆
∗
∗
√
neighbors that in equilibrium, j∈∂5 xj > j∈∂1 xj . In particular, simple algebra shows that if 3 2√
−1>1
3
then,
 √
2− 3

1 ≤ i ≤ 4;
 2
∗
i = 5;
xi = 1

 √
1
i ≥ 6.
2 3

Hence, cor(1) > cor(5); however, x∗1 < x∗5 .
The following corollary establishes an upper bound on the distance between the largest action vector, i.e., 1 and the
largest NE using the k-core sizes and the thresholds derived in Theorem 4.3. Suppose that 1 is a Nash equilibrium
if the graph is complete, i.e., u(1, n − 1) − c(1) ≥ u(x, n − 1) − c(x), x ∈ [0, 1]. The following corollary measures
the distance between the largest NE of the game on the complete graph and the one on graph G.
Corollary 4.5: Let kxk1 be the L1 norm of x and |Gk | be the number of nodes in Gk . Then:
SK
K
X
|Gk \ { k′ =k+1 Gk′ }|
k1 − x∗ k1
≤
(1 − tk )
.
(8)
n
n
k=1

Inequality (8) is a direct consequence of Theorem 4.3 and the fact that the cores of a graph are nested, i.e.,
Gk+1 ⊆ Gk .
A. Coreness and Bonacich Centrality
In this section, we consider a specific quadratic payoff function and explicitly calculate the Nash equilibria of
the game. In this setting, the largest NE, which is indeed the unique pure NE, is related to Bonacich centrality of
the network. Bonacich centrality is another measure of centrality that weighs the neighbors by their centrality in
the network [2].
Definition 4.6: Let AG denote the adjacency
matrix of graph G. For each node i, its Bonacich centrality of

1
parameter α, Bi (α), is (I − αAG )−1 1 i . The matrix inversion is well defined for α < |λmax
| , where λmax is the
maximum eigenvalue of AG .
We consider a specific model where:
X
b
Πi (x) = xi
xj − x2i + axi ,
2
j∈∂i

where a ≥ 0, and 0 < b < |λmax |. This game is supermodular and has a unique pure Nash equilibrium:
 
a
1
x∗ = B
b
b

(9)

The above calculation is straightforward and similar to the calculation in [17] and [7]. Note that if we assume that
x ∈ [0, K]n where K > maxi x∗i , the result will not change and then by scaling the strategies this game satisfies
all the assumptions made in Section II.
Bonacich centrality can be interpreted as follows:
!
∞
X
−1
αl AlG 1.
(10)
B(α) = (I − αAG ) 1 =
l=0
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l
Here AlG (ij) is the total number of walks of length l between nodes i and j. Consequently,
A
1
is the total
G
i

number of walks of length l between i and any nodes in the network. The term AlG 1 i can be written as,
X


AlG 1 i =
Al−1
(11)
G 1 j.
j∈∂i

In words, each step is a weighted sum of the neighbors. The weights are computed recursively and (AG 1)i = deg(i).
The following lemma establishes the monotonicity of Bonacich centrality of a node with respect to its coreness.
1
Lemma 4.7: If cor(i) = k then B(α)i ≥ 1−αk
.

Proof: First note that AP
λmax is real and
G is a nonnegative matrix; hence by the Perron-Frobenius theorem,
P
positive, and at most maxi j AG (ij). Observe that cor(i) = k implies that k ≤ maxi j AG (ij) and αk < 1,
hence the matrix inversion is well defined. Similar to (11),
X
X X
Bi (α) = 1 + αdeg(i) + α2
deg(j) + α3
deg(h) + . . .
j∈∂i

j∈∂i h∈∂j

Further,
cor(i) = k implies that deg(i) ≥ k and i has at least k neighbors who have at least k neighbors. Therefore,
P
deg(j)
≥ k 2 . Repeating this argument results in:
j∈∂i
Bi (α) ≥

∞
X

αl k l =

l=0

1
.
1 − αk

We conclude by noting that the inequality in the preceding result is tight when i belongs to an isolated clique
of size k. Roughly speaking higher coreness implies higher Bonacich centrality. Therefore, we expect that nodes
with a higher Bonacich centrality take higher actions at the equilibrium. It is easy to see that Bonacich centrality
is not directly related to the degree as well.
V. I NCOMPLETE N ETWORK I NFORMATION
In a large network, it is unrealistic to assume that each node knows the whole structure of the graph. Moreover,
the largest best response dynamic may not converge fast enough. These considerations motivate us to define a game
with incomplete information and study its Bayesian equilibria. Nature generates the network according to a given
degree distribution which is public information. Each player i observes its own set of neighbors ∂i. However, it
does not know the set of neighbors of any other node in the graph. Hence, it plays against a random strategy vector.
The correct mathematical model for such a setting is one where nature chooses a random network with a given
degree distribution. For this purpose we consider the configuration model, constructed as follows [4]. Given n nodes,
let di the degree of node i, chosen according to a probability distribution with P(di = k) = pk ; the distribution
(p0 , . . . , pR ) is called the degree distribution. (We assume the degrees are bounded above by R.) We assign di
half-edges to node i, and then connect together half-edges between nodes uniformly at random. If we condition on
the sum of degrees of nodes being even, and no multiple edges or self-loops, the resulting probability distribution
is uniform over all graphs on n nodes drawn from the given degree distribution [4].
What is the degree of a neighbor of node i? In general, the degrees of i’s neighbors may be correlated with
i’s degree; however, this correlation vanishes as the number of nodes becomes large. For the remainder of the
section we make the approximation that the degree of a neighbor of node i is independent of node i’s degree. (This
approximation can be made rigorous using calculations similar to Chapter 9 of [11].) Note that nodes are more
likely to connect to nodes of higher degree; in fact, under the configuration model,
rpr
P(an edge is incident to a node of degree r) ≈ PR
= per .
rp
r
r=0
We refer to the distribution (pe0 , . . . , peR ) as the edge perspective degree distribution. The approximation in the
preceding expression has an o(n) error, due to the fact that the degree of the neighbor is not independent of a given
node’s degree.
As noted above we consider a simplified model where nodes assume their neighbors’ degrees are i.i.d. and drawn
from the edge perspective distribution. In our setting, the resulting network game is anonymous, meaning that the
7

identity of players does not have any effect on the payoffs. Therefore, node i only needs to know its own degree. A
strategy in this game denotes node i’s action as a function of its degree. The strategy vector (s∗ (0), s∗ (1), . . . , s∗ (R))
is a symmetric Bayesian equilibrium if:
E[Πi (xi = s∗ (r), S ∗−i )|deg(i) = r] ≥ E[Πi (xi = x, S ∗−i )deg|(i) = r], x ∈ [0, 1], 0 ≤ r ≤ R.

(12)

The above setting has been studied in [5] without explicitly characterizing the belief of node i about the degree of
its neighbors. The following proposition is a special case of Proposition 2 of [5].
Proposition 5.1: Let s∗ denote the largest BNE of the game described above. If r ≥ r′ then s∗ (r) ≥ s∗ (r′ ) .
We present an alternative proof that exploits the properties of the dynamics that converge to the largest BNE.
Proof: Suppose deg(i) = ri and all the nodes are playing according to strategy vector s. The expected payoff
of node i by playing action xi is:
E[Πi (xi , S −i )|deg(i) = ri ]
X
=
Π (xi , (s(r1 ), . . . , s(rri ))) P ((deg(j1 ), . . . , deg(jri )) = (r1 , . . . , rri )|deg(i) = ri ))
(r1 ,...,rri )∈{0,...,R}ri

Incorporating the independent degree assumption, we have:
E[Πi (xi , S −i )|deg(i) = r] =

X

Πi (xi ,

(r1 ,...,rri )∈{0,...,R}ri

ri
X

r ′ =1

s(rr′ ))

ri
Y

pe (rr′ )

r ′ =1

P ri

Note that E[Πi (xi , S −i )|deg(i) = r] has the form of E[Πi (xi , r′ =1 Sr′ )] where S1 , S2 , . . . , Sri are i.i.d. nonnegative random variables. Basic probability shows that if Y1 , Y2 , . . . Yr , Y1′ , Y2′ , . . . , Yr′′ are nonnegative i.i.d. random
Pr
Pr′
Pr
Pr ′
variables and r ≥ r′ , then p=1 Yp  p=1 Yp′ . Therefore if ri ≥ ri′ then ri′ =1 Sr′  ri′ =1 Sr′ . Applying
Proposition 3.8 we conclude that BER(S −i ) is monotone in the degree.
To establish the result, we follow the largest best expected response mapping for strategies: Let s0 = 1. Note
that s1 (r) = BER(r), therefore s1 (r) is monotone in degree. At iteration 2, s2 (r) = BER(S1 + S2 + · · · + Sri )
where S1 , S2 , . . . , Sr1i are i.i.d nonnegative random variables. As explained in the last paragraph BER(S −i ) is
monotone in the degree and hence, s2 (r) ≥ s2 (r′ ) for r ≥ r′ . By the same argument, st (r) ≥ st (r′ ) for r ≥ r′ .
The result follows from the fact that the described dynamics converge to the largest BNE [16].
The next proposition, establishes the monotonicity of the largest BNE in the edge perspective degree distribution.
Proposition 5.2: Consider two edge perspective degree distributions pe1 and pe2 . Let s∗1 and s∗2 denote the largest
BNE for the games defined by the corresponding degree distributions, p1 and p2 . If pe1  pe2 then s∗1 ≥ s∗2 .1
Proof: Similar to the proof of Proposition 5.1, we follow the largest best expected response mapping for
strategies. Suppose stα represents the strategy vectors in step t according to distribution peα , with α = 1, 2. Let
s0α = 1. Clearly s11 (r) = s12 (r) = BER(r) is monotone in the degree. Basic probability shows that if Y  Y ′
and f (·) is a nondecreasing function,then f (Y )  f (Y ′ ) (this is basically a direct consequence of the equivalent
condition in Definition 5.). In our setting, s1 (·) is a nondecreasing function of r. Therefore, pe1  pe2 implies that
S11  S21 . Applying Proposition 3.8, we conclude that s21 ≥ s22 . A similar argument can be used to inductively
show st1 ≥ st2 for t ≥ 2. The result follows from the fact that the described dynamics converge to the largest BNE
[16].
Remark Note that in the configuration model, pe1  pe2 neither implies nor is implied by p1  p2 . For example
(p3 = .5, p5 = .5)  (p2 = .5, p4 = .5) but (pe3 = 3/8, pe5 = 5/8)  (pe2 = 2/6, pe4 = 4/6); further, (pe3 =
1/3, pe5 = 2/3)  (pe2 = 1/2, pe4 = 1/2) but (p3 = 5/11, p5 = 6/11)  (p2 = 1/3, p4 = 2/3).
Observe that these results are obtained using an asymptotic approximation based on the configuration model. We
conjecture that these results can be made rigorous even for large finite graphs; verifying these claims is a topic of
ongoing research.
1 Here

pe1  pe2 means that if X1 and X2 have distributions pe1 and pe2 respectively then X1  X2 .
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VI. C ONCLUSION
In this paper, we study the effects of network structure on the configuration of the equilibria in network games.
Motivated by the growing interest in cooperative networked systems, we consider a game in which each player
locally interacts with its neighbors; all the players have a symmetric payoff that exhibits strategic complementarity.
Under the positive externality assumption, the largest NE of this game is the Pareto optimal equilibrium. Following
the largest best response dynamics, we derive lower bounds on the action of nodes in the equilibrium of interest. In
particular, we show that a lower bound on node i’s action depends on the coreness of i. The results demonstrate the
effect of centrality on the equilibrium structure. Moreover, it implies that even though the game is played locally,
the global structure of the network has a significant effect on the equilibrium. In other words, the behaviour of two
far away nodes may not be independent. For example, decreasing the degree of a node that is in a far distance form
node i may lead to a significant change in the coreness of i.
Having large networks in mind, we address the following issue: a node cannot have full information about the
structure of the whole network, neither it can learn it in a reasonable time. Since ignoring the network structure
may result in misleading predictions, we propose the following Bayesian setting to model such network games:
nature chooses the degree of each player; the degree distribution is common knowledge to all nodes. In this setting,
each player chooses the action that maximizes its expected payoff. We analyze the largest symmetric Baysian Nash
equilibrium of this game. Moreover, we establish the monotonicity of the largest BNE in the edge perspective
degree distribution, under the assumption that neighbors’ degrees are asymptotically independent.
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