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Abstract— We consider a multi-user multiple input multiple output ~ @s the MIMO BC. We establish this duality by showing that all
(MIMO) r?aussialn blroadcast channel (Bﬁ), where Lhe tgansm;?l: anld re- rates achievable in the dual MIMO MAC with power constraints
ceivers have multiple antennas. Since the MIMO broadcast @mnel is in : ;
general a non-degraded broadcast channel, its capacity re@n remains an whose sum equals the _BC power constralnt ar_e also aCh_Ievable
unsolved problem. In this paper, we establish a duality beteen what is 1IN the MIMO BC, and vice versa. This duality is the multiple-
termed the “dirty paper” achievable region (the Caire-Shanai achievable antenna extension of the previously established dualityédxn
region) for the MIMO broadcast channel and the capacity regon of the the scalar Gaussian BC and MAC [9] Though we consider onIy
MIMO multiple-access channel (MAC), which is easy to comput. Using h h | his duali iv b ho
this duality, we greatly reduce the computational complexy required for the ConStant c ann'e case, this dua 'tY can easily be shown t
obtaining the dirty paper achievable region for the MIMO BC. We also hold for fading multiple-antenna Gaussian BC's and MACS, a
show that the dirty paper achievable region achieves the susrate capacity it does in the scalar channel case. This duality has two itapor
of the MIMO BC by establishing that the maximum sum rate of this region A L . . .
equals an upper-bound on the sum rate of the MIMO BC. appllcatlons. it permits us tq co_mpute V\{Ith ease the dlrpepa}
region of the MIMO BC, which is very difficult to compute di-
rectly, and it allows us to show that the dirty paper achiévab

I. INTRODUCTION region achieves the sum rate capacity of the MIMO BC.

Multiple input multiple output (MIMO) systems have re-_ Finding thg full capacity region of the MIMO BC is very dif-
ceived a great deal of attention as a method to achieve veRpIt due to its non-degraded nature, but we are able to show
high data rates over wireless links. The capacity of singler that the dirty paper region achieves the sum rate capacttyeof
MIMO Gaussian channels was first studied by Foschini [1] aRdIMO BC through the use of the Sato upper bound on the sum-
Telatar [2]. This work has also been extended to the MIMERtE capacity of broadcast channels [10]. The Sato upperdou
multiple-access channel (MAC) [2-4]. The capacity of MIMQVaS first applied to the MIMO BC by Caire and Shamai [5] to
broadcast channels (BC), however, is an open problem dudifl the sum rate capacity of the % 1, = ry = 1) channel.
the lack of a general theory on non-degraded broadcast chilfind Sato’s technique, we bound the sum rate capacity of the
nels. In pioneering work by Caire and Shamai [5], a set MIMO BC by considering the capacity when t¢ receivers
achievable rates (the achievable region) for the MIMO moaaerforijomt signal detection (i.e. we consider a singiesu
cast channel was obtained by applying the “dirty paper”lteséi X (>_;—; ;) antenna channel) when the noise at every an-
[6] at the transmitter (or alternatively coding for non-sally tennais correlated with the noise at every other antennepéxc
known interference). It was also shown in [5, 7] that the suffir those at the same receiver, and we analytically show, em-
rate MIMO BC capacity equals the maximum sum rate of thjoying a proof which generally constructs the worst-casise
achievable region for the two user broadcast channel with épvariance matrix, that this upper bound coincides exauitly
arbitrary number of transmit antennds 1) and one receive the maximum achievable sum rate in the dirty paper region.
antenna at each receiver, (= ro = 1). However, computing  There has been parallel work on the optimality of the dirty
this region is extremely complex and the approach used iff [5 paper region for sum capacity of the BC. In [11], the authors
to prove the optimality of dirty-paper coding for sum rateedo handle those channels for which the worst-case correlation
not appear to work for the more general class of channels (ilee noise in the Sato upper bound is non-singular, and in [12]
an arbitrary number of users and receive antennas) which the authors handle channels with multiple transmit ante o
consider. only one antenna at each receiver. In this paper we deal with

In this paper, we consider E-user MIMO Gaussian BC in the most general case, with no restrictions on the number of
which receiverj hasr; > 1 receive antennas and the transmittetntennas or on the worst-case noise.
hast > 1 transmit antennas. The achievable region for a generalAlthough the optimality of the dirty paper region has only
MIMO BC requires an extension of the Caire-Shamai region teen shown for sum rate (and trivially for the corner poirfts o
multiple users and multiple receive antennas, which was dathe region), the fact that the dirty paper region is equahto t
by Yu and Cioffi in [8]. We refer to this extension as the dirtylual MIMO MAC capacity region together with the fact that the
paper region. We establish a duality between the dirty peper scalar Gaussian BC capacity region is equal to the dual MAC
gion of the MIMO BC and the capacity region of the MIMOcapacity region leads us to believe that the dirty paperoregi
MAC. In other words, we show that the dirty paper region imay actually be the capacity region of the MIMO BC. Signifi-



v Now consider the dual multiple-access channel shown in the
_)G_)_)yl u, —|H} right half_ of Fig. 1. The qual channe! is arrjved at by conveyt
the receivers in the BC into transmitters in the MAC and con-
nvz verting thet-antenna transmitter intotaantenna receiver. No-
n tice that the channel gains of the dual MAC are the same as that
@"@"W uz —| H w of the broadcast channel, i.#Iy (i, j) corresponds to the gain
/ N l from transmit antenngto antennd of receiverk in the BC and
x @—»v to the gain from antennaof transmitterk to receive antenng
in the MAC.
an / Let u, € C™+*1 be the transmitted signal of transmittier
*@-’yx ug ~| Hi Letv € C*! be the received signal and € C**! the noise

vector wherew ~ N(0,I). The received signal is mathemati-
cally represented as

Fig. 1. System models of the MIMO BC(left) and the MIMO MAC dhit) _ t
channels v = H1Tu1—|-...+HKuK+w
uy
cant progress towards proving this conjecture has recbaty = H'| : |+w where H = [HIT Hk] .

made [13] [14], but this hypothesis remains unproven. ug
The remainder of this paper is organized as follows. In Sec-
tion 1l we describe the MIMO BC and the dual MIMO MAC.In the dual MAC, each transmitter is subject to an individual
In Section Ill we summarize some background informatiopower constraint of?;, ... , Pk, with Zfil P, = P (i.e. the
including the achievable “dirty paper” BC region, the MIMOsum of the MAC power constraints equals the BC power con-
MAC capacity region, and the duality of the scalar MAC angltraint). We also assume perfect knowledge of the channel at
BC. We describe the MIMO MAC-BC duality result in Sectiorthe transmitters and the receiver in the dual MAC.
IV. In Section V, we show that the dirty paper region achieves Lastly, we define the&ooperative systerto be the same as
sum rate capacity of the MIMO BC and we provide a few illusthe broadcast channel, but with all receivers coordinabnzer-
trative examples in Section VI. We conclude with Section. VIl form joint detection. If the receivers are allowed to coaper
the broadcast channel reduces to a single-tise(>"% . r;
IIl. SysTEM MODEL multiple-antenna system described by I(Z] 17

We use boldface to denote matrices and vect@sdenotes

the determinant an8~1! the inverse of a square mati$ For y=Hx+z (2)
any general matrid, M denotes the conjugate transpose and
Tr(M) denotes the traceI denotes the identity matrix and y1 ny
diag(\;) denotes a diagonal matrix with thé, i) entry equal wherey = : andz = ; . We call the capacity of
to ;. n

We consider a MIMO broadcast channel witht-antenna YK X

; ¥ : thr s this system theooperativecapacity.
transmitter andk’ receivers withrq, ... ,rx receive antennas, \y.o us&sc(P, H), Cyiac(Pr, . . , P, HY) andCeoop (P, H)

respectively. The transmitter sends independent infoomao to denote the capacity regions of the MIMO BC, MIMO MAC,
each receiver. The broadcast channel is the system on te lef, . 4 cooperative system, respectively.

Fig. 1.
Letx € Ct*! be the transmitted vector signal and B, € I1l. BACKGROUND
Cr=** be the channel matrix of receiverwhereHy (4, j) rep-

resents the channel gain from transmit antefitmantenna of To obtain our results, we use the achievable region of the

receiverk. The white Gaussian noise at receikes represented MIMO BC c.hanne.l obtained in [5’.8] af?d re;ults on the MIMO
MAC capacity region [2—4] extensively in this paper. Henge,

by ni € C™**1 whereny ~ N(0,I). Lety, € C™=*! be the ; )
received signal at receivér The received signal is mathemati—f'rs't summarize these results and then state results on ieydu

of the scalar Gaussian BC and MAC [9].
cally represented as

V1 ng H, A. Achievable BC Region - The Dirty Paper Region

= Hx + : where H = : . An achievable region for the MIMO BC was first obtained
) i in [5]. In [8], the region was extended to the more general
multiple-user, multiple-antenna case using the followéxten-
The matrixH represents the channel gains of all receivers. Tl@n of dirty paper coding [6] to the vector case:

covariance matrix of the input signal B, £ E[xx']. The Lemma 1:[Yu, Cioffii Consider a channel withy, =
transmitter is subject to an average power constrBimivhich Hyxy + s + ng, whereyy, is the received vectoxky, the trans-
implies T(X®,) < P. We assume the channel mat# is mitted vector,s; the vector Gaussian interference, amgthe
constant and is known perfectly at the transmitter and akall vector white Gaussian noise. df andn are independent and
ceivers. non-causal knowledge &f; is available at the transmitter but

YK ng Hxk



not at the receiver, then the capacity of the channel is theesa For P > 0, we denote bfupion (P, HT) the following set
as ifsy is not present.

In the MIMO BC, this result can be applied at the transmittef,, ;.. (P,H') £ U Crnac(Py, ..., Py HY)
when choosing codewords for different receivers. The traias Yo Pi<P
ter first picks a codeword for receiver 1. The transmittenthe
chooses a codeword for receiver 2 with full (non-causalyino = U { (Ray...,RK):
edge of the codeword intended for receiver 1. Thereforevece {ZKE,(P:)<P}
2 does not see the codeword intended for receiver 1 as interfe
ence. Similarly, the codeword for receiver 3 is chosen shah t ZR,- < log |I+ Z H}PiH,-| vS C{1,...,M} }3)
receiver 3 does not see the signals intended for receivemgl 1 a  ies i€s

2 as interference. This process continues forFalreceivers. ) ) ) o
Receiver 1 subsequently sees the signals intended forhat otBY the argument provided in [4, Theorem 1], this region is-con
users as interference, Receiver 2 sees the signals intdaded/€X. It can easily be shown that this region is the capacgiore
Users 3 through K as interference, etc. Since the ordering@f@ MAC when the transmitters have a sum power constraint
the users clearly matters in such a procedure, the folloigiag instead of individual power constraints but are not allowed

achievable rate vector: cooperate. Additionally, the MIMO MAC rates can be shown to
be a concave function of the covariance matrices. This espli
T+ Hw(i)(Z]‘>i Eﬂ(j))er(i)| , that the boundary points (and the corresponding covariarace
R, =lo = i=1,...,K. trices) of the sum power MIMO MAC capacity region can be

& f
T Ho(o) (251 Zni) Hrgy| found by a standard convex program (see [4] for a discussion

() of this with regards to the individual power constraint MIMO
The di iorc PH) is defined h MAC, which is nearly identical in structure). This fact tern
e dirty-paper regiorCppc (P, H) is defined as the con- out to be quite important because later we show that the MIMO

vex hull .O:; t?e. uhion m.c all such rates vectors overhallhposMAC sum power constraint region is equal to the dirty paper
tive semi-definite covariance matric®3,... , Xk such that achievable region of the dual MIMO BC.

(2 +...2k) = Tr(2;) < P and over all permutations
(x(1), ..., m(K)): C. Duality of the Scalar Gaussian MAC and BC

Lastly, we state the duality result for scalar Gaussian MAC
Copc(P,H) 2 Co | | R(r, %) (4) and BC channels [9].
5 Theorem 1(Jindal, Vishwanath, Goldsmith) The capacity re-
gion of a scalar Gaussian BC with powBrand channelé =
where R(m, ;) is given by (3). The transmitted signal is(h,,...hx) is equal to the union of capacity regions of the dual

x = X1 + ... +xk and the input covariance matrices are of thgiAC with powers(Py, ... , Pk) such thatZK_l P, = P:
form 2; = E[x;x;']. The dirty paper-coding procedure yields =
statistically independent signakg, . . . xk, from which it fol- Cao(P;h) = U Cainc(Pr Pic; R) 7)

lows¥, =3, +...2k.
x 1 K Ef{:1pi:P

Ong mp_ortanF feature to notice apout the d'Tty paper raﬁe proof of this is obtained by showing that any set of rates
equations in (3) is that the rate equations are neither aaVBNC chievable in the BC is also achievable in the MAC, and vice

nor convex function of the covariance matrices. This makes e : .
L . ; o versa. One key point is that to achieve the same rate vedtoe in
finding the dirty paper region very difficult, because gelgra

. X . : BC and MAC, the decoding order must in general be reversed,
the entire space of covariance matrices which meet the power. . . )

X : .. 1.6 if User 1 is decoded last in the BC then User 1 is decoded
constraint must be searched over. In this paper we congider

ft|rst in the MAC. In the next section, we will derive a similar

dirty paper region subject to a transmit power constraing- R . . . .
. . . .result that equates the dirty paper BC achievable regiamtivé
cent work [15] has characterized the dirty paper regionexbj union of MAC capacity regions for the MIMO channel we are

to individual rate constraints (i.e. minimizing the trarispower .
. . ) considering.
required to achieve a certain set of rates).

B. MIMO MAC Capacity Region IV. DUALITY OF THE MAC AND
DIRTY PAPERBC REGION

The capacity region of a general MIMO MAC was obtained ] ] . ]
in [2-4] We now describe this capacity region for the dual In thls_, section we show that thg capacity region of the MIMO
MIMO MAC as defined in Section II. For any set of powerd/AC with a sum power constraint o for the K transmit-
(P1,. .., Px), the capacity of the MIMO MAC is ters is the same as the dirty paper region of the dual MIMO
BC with power constraintP. In other words, any rate vec-
c P p..HN2 Ri . Ri): 5tor that is achleyable in the dual MAC with power gonstramts
mac(Pr - s Prc; ) {Tr(P')L<JP- w}{ (B, Bi) o ( )(Pl,... , Pg) is in the dirty paper region of the BC with power
v constraintZiK: 1 P;. Conversely, any rate vector that is in the

ZRi < log |I+ZHIPiHi| VS C{1,... ,M}}. dirty paper region of the BC is also in the dual MIMO MAC

Py = region with the same total power constraint.



Theorem 2:The dirty paper region of a MIMO BC channelA. Terminology
with power constrainf? is equal to the capacity region of the

dual MIMO MAC with sum power constrairP. First, we explain the termsffective channedndflipped chan-

nel. A single user MIMO syster® with channel matri, ad-
ditive Gaussian noise with covarian& and additive indepen-
dent Gaussian interference with covaria@cis said to have an
effective channel ofX + Z)~'/2H. The set of rates achievable
by ® and a different system with channel matrix equal to the
effective channel and with additive white noise of unit sade

Proof: We first proveCppc(P, H) O Cunion (P, H') by - :
showing that every rate vector achieved by successive dn{pooand no mterfe_rence are the same. Also, the Cap"?‘c'ty of arsyst
O, with effective channel matriY¥ and the capacity of system

in the MAC is also in the dirty paper region of the dual MIMO . . ot .
BC. More specifically, we show by the MAC to BC transfor—e 2 With effective channel matri¥'!, termed the flipped _ch'an—
el, are the same [2]. In other words, for every transmit deva

mations below that for every set of MAC covariance matricek i N . =
Pi,... ,Px and any decoding order in the MAC, there exis nceX: in ©,, there exists & in 8, with Tr(X) < Tr(X) such

BC covariance matriceS, .. . , £ using the same sum powert at the rate achieved Iy in ®, is equal to the rate achieved by

. K VK ' 3 in ;. In Appendix A we show thakE = FGISGF' meets
&Sggixgcailéeé%%;{/;glgg tatgééluzzrfztzrz)es dl:fth th;t;?i this criterion where the Singular Value Decomposition (§¢D
9 y pap isY = FAG' whereA is square and diagorfalNext, we

ing method described in Section IlI-A. Each set of MAC CO%ascribe the covariance transformations

variance matrices corresponds té&adimensional polyhedron, '

as described in (5), with th&! corner points of the polyhedron .

corresponding to performing successive decoding at thewe B+ MAC to BC Transformation

in one of theK'! possible decoding orders. By the convexity of |n this section we derive a transformation that takes astinpu

the dirty paper region (due to the convex hull operation)s it a set of MAC covariance matrices and a decoding order and out-

sufficient to show that the corner points of all polyhedrars ( puts a set of BC covariances with the same sum power as the

the successive decoding points) corresponding to all MAC qIAC covariances that achieve rates equal to the rates ahiev

variance matrices are in the dirty paper region of the duall iy the MAC using the MAC covariance matrices and successive

BC. Thus, with the MAC to BC transformations described beecoding with the specified decoding order.

low, this impliesCppc (P, H) 2 Cunion (P, HY). Since the numbering of the users is arbitrary , we assume that
We complete the proof by showin@ppc(P,H) C User 1 is decoded first, User 2 second, and so on at the MAC

Cunion (P, H'). We prove this by showing (via the BC to MAC€CeIVer. -

transformations below) that for every set of BC covariange m Let A; £ (I + H;(Y )2} Z)H!) and B; £ (I +
trices and any encoding order there exist MAC covariancaeimatzf‘;j+1 HlTPlHl). The rate achieved by Usgrin the MAC
ces that achieve the same set of rates using the same sum pdaesome arbitrary set of positive semi-definite covarianee

CDPC(P7 H) = Cunion(Py HT)

The convexity of the MIMO MAC sum power constraint regioririces(P1, ... ,Px) is given by
thus implies tha€ppc (P, H) C Cynion (P, HT). This completes
the proof, provided we have the transformations given below ‘I+ YK (HIPH,)
that map the MAC covariances to the BC covariances and viceRE/I = log A
K
versa. L ‘I + Y (HIPH,)
Next, we explain some terminology used in the transforma- K -1
tions, followed by the actual transformations. It is impoit = log|I+ 1+ Z (HTPiHi) HT.P]-H]-
i J

to point out that the transformations require a reversesdiec
ing/encoding order of the users in the dual MAC/BC channel. |
other words, if User 1 is decoded first in the MAC (i.e. User 1 = log ‘1 +BHIP H‘ .
. . J Vi )
suffers interference of all other users’ signals), then wsten-
code User 1's signdhst (i.e. no interference from other users}\l

inthe BC t hieve th ¢ ina th i p i otice thatB; represents the interference experienced by User
In the BL to achieve the same rates using these transfomsa '%’ in the MAC. To simplify, we take the square rootBf. ! and
Also, notice that the proof of duality only requiregistencenf J

) . . 4 : th tyI + AB| = |I + BA|. We also introd
BC covariance matrices which satisfy the rates achieved b35J ?iel /2e lp/r20per_y + | | .+ | © &S0 Infroduce
Aj = I into the expression to get

set of MAC covariance matrices, and vice versa. However, tﬁei
below transformations actually provide equations for theg-
formed BC covariances as a function of the MAC covarianceR)! = log ‘I +B;PHIAPAYP P AP A PH B,
and vice versa. This can be quite useful because it is gener-

ally much easier to find the optimal BC covariance matrices b
finding the optimal MIMO MAC covariance matrices and the
transforming the matrices to BC covariance matrices (dtlego
convex structure of the MIMO MAC rate equations) than it is tg

; ) ’ ; quare and diagonal matrix of singular values, so modifioatiay be necessary
directly search for the optimum BC covariance matrices. to generate the flipped matrix correctly.

i=j+1

reatingB; "/*H{ A '/* as the effective channel of the system,

INote that the standard SVD command in MATLAB does not alwaysrn a



we flip the channel and finA;/QPjA;/Q such that transformation, we treatj_l/r"Hij_l/2 as the effective chan-
nel andB}/zsz}/2 as the covariance matrix. By flipping the

1/2 1/2 1/2 1/2 “1/90__ __1/0
Tr(A}*P;A}%) < Tr(A)?P;AL%) effective channel, we obtaiB}/*%;B}/* and obtain the trans-

R;" = log ‘I—i— A]-_I/QH]-B]-_lﬂA;/QPjA;/QBJ-_I/QH}A]-_I/Q ‘ formation
_ _ _ Px = AL’SgA.”? (12)
Now consider the rate of Usgrin the BC assuming that the
opposite encoding order is used (i.e. User 1 is encoded.ast, :
2 second to last,etc —1/21/2 1/2 4 —1/2
) P, = A;'’B)/’:;B)/?A;" (13)
‘I + Zle(HjEiH;)‘ :
RJB' = log j—1 t 1/2 1/2
‘I+ Y] (H]-EiHj)‘ P, = BY/’mB!2 (14)
= log ‘I + A]lejEjH;f‘ As before, if we use the opposite decoding order in the MAC
1 1 (i.e. Userl decoded first, etc.), this transformation ensures that
= log ‘I +A;’H;Z,HIA; | . the rates of all users in the BC and MAC are equivalent along

with the total power used in the BC and MAC. Also note that
Here A ; represents the interference experienced by Jser we can sequentially compute tii;’s in decreasing numerical

the BC. If we choose the BC covariances as order. If we substitute in the expression generating thediip
1j2m1/2 channel, the expression for the MAC covariance matrix of the
3 = B, "PiB; (8) j-th user in (13) can be expanded as:
= P; = A;'/’F;GIB}/’s;B}/*G,;FIA;Y?  (15)
% = BATRATEY ogg g
where the effective channdl ;- / H,B; /? is decomposed us-
S ing the SVD asA;'/’H;B;"/? = F;A;Gl, whereA; is a
Xk = A}(/zPKA}{/2 (10) square and diagonal matrix.

clearly we seeR) = RE. Additionally, it is easy to show that D. MIMO MAC with Individual Power Constraints

t_he resu_lting_ c_ovariance ma_trices are all symmetric and- pos \\/e can also obtain the capacity region of a MIMO MAC with
tive semi-definite. In Appendix B, we show that the transfarm,gividual power constraints on each user from the dirtygsap
tions given by (8)-(10) satisfy the sum trace constraintthat yegion of a dual MIMO BC. By Theorem 3 of [9], we can char-
S Tr(Zi) < Sic, Tr (Py). Note thatss; depends only on acterize the individual power constraint MIMO MAC capacity
¥1,--+-3;_1, and hence th&; can be computed sequentiallyregion as an intersection of sum power constraint MIMO MAC
in increasing order. By doing this for alt” users, we find co- capacity regions. By duality, we know that the sum power con-
variance matrices for the BC that achieve the same rate be indtraint MIMO MAC capacity region is equal to the dirty paper
MAC. If we substitute in the expression generating the flibpeschievable region of the dual MIMO BC.

channel, the expression for the BC covariance matrix offe  Corollary 1: The capacity region of a MIMO MAC is the in-
user in (9) can be expanded as: tersection of the scaled dirty paper regions of the MIMO BC.

s o s s Mathematically, this is stated as:
3, = B;/*F;GIA}?P;A} G FIB Y (1) B

P;
where the effective channBl; '/*Hf A '/* is decomposed us- Cumac(Pys..., P, HY) = ﬂo CDPC(Z o [vaiHy] - vaxHg]").
ing the SVD asB]._l/zH}Aj_l/2 = F]-AjG}, whereA; is a * = (16)
square and diagonal matrix. Proof: This result can be obtained by a straightforward
) application of Theorem 3 from [9] to the MIMO MAC capac-

C. BCto MAC transformation ity region and the duality developed in Theorem 2. The scaled

In this section we derive a transformation which, given a sbtIMO BC here refers to the channel where the matrix of each
of BC covariance matrices and an encoding order, outputs a'ggeiverH; is scaled by /a;. u

of MAC covariances with the same sum power as the BC covari-
ances that achieve MAC rates (using successive decoding) eq
to the rates achieved in the BC using the BC covariance matridn the previous sections we showed that the dirty paper negio
ces. These transformations are almost identical to the MAC-of the BC and the union of the dual MAC capacity regions are
BC transformations. For the dirty paper encoding at the BE, vequivalent. Now we show that the dirty paper broadcastirag-st
assume that User K is encoded first, U 1 second, and so egy is the capacity achieving strategy for the sum rate é¢gpac
on in decreasing order. Along the same lines as the MAC-B the MIMO BC. To do this, we make use of the duality of the

V. SuM RATE CAPACITY OF BC CHANNELS



dirty paper region and the dual MAC to show that the dirty pape Theorem 3:The sum rate capacity of the MIMO BC equals
region achieves an upper bound on the sum rate capacity of tie Sato upper bound. Furthermore, the dirty paper codiag st
MIMO BC. egy achieves the sum rate capacity of the MIMO BC

In [10], Sato presents an upper bound on the capacity region cumrate
of general BCs. This bound utilizes the capacity of¢thepera- Csc (P’ H) = Cppc™* (P, H) :_CSatO(P’ H). (19)
tive systenas defined in Section Il. Since the cooperative system Fro0f: Since the sum rate capacity of the MIMO BC can
is the same as the BC, but with receiver coordination, thacapP® N larger than the Sato upper bound, it is sufficient to show

ity of the cooperative systenCé., (P, H)) is an upper bound that the Sgto upper bound is actually achieva.ble in the MIMO
on the BC sum rate capacitggimrate( P, H)). This bound is BC using dirty paper coding. Note that, by duality, we kn0\_151tth
not tight in general, but by introducing noise correlatiarire ("€ Maximum sum rate of the MIMO MAC equals the maximum

different receivers, we can get a much stronger bound. sum rate (_)f the di_rty paper achievable region. We therefarstm
Since the capacity region of a general BC depends only BfioW the inequality:

the marginal tra_n;itiorj pr_oba_lbilities of the channel (n€y;|x)) Coumrate(p F[) = (Sumrate(p )
and not on the joint distributiop(ys, - - . , yx |z) [16, Theorem X
14.6.1], correlation between the noise vectorglifferent re- t
L = 1 I H‘Pl
ceiversof the BC does not affect the BC capacity region. It does, {P;>0, zng}:aﬁr(p,.)gp} og [T+ ; PE0)

however, affect the capacity of the cooperative systemchwisi

still an upper bound on the sum rate of the BC. Therefore we
retainE(n;n!) = I, 1 < i < K as before (i.e. noise compo- We prove (21) by using Lagrangian duality to express both
nents at the multiple receive antennas within a single veceithe Sato upper bound and the MIMO MAC sum rate capacity in
are uncorrelated) and 1&(n;n;") £ X;; < I, since intro- different forms. Specifically, as shown in Appendix C, we can
ducing noise correlation within a receiver affects the bo@st alternatively write the Sato upper bound defined in (18) as (s
capacity region. LeZ denote the noise covariance matrix in th¢sg))

cooperative system (i2 = E|[zz” | wherez = [n; - - - nx]7) to

Vv

CSato (P, H) (21)

define the ses to be allnon-singular(or strictly positive defini- ~ Csato(P,H) = inf min —log|A|+ Tr(A) + AP —¢
tive) noise covariance matrices satisfying the Sato uppand such that 22)
conditions
A>0,A>0
I ... Xk, A\Z > HAH',
=<Z:Z Z = : : : . 17 .
s >0, : : : (47 and the MIMO MAC sum rate capacity (20) as
Xg1 ... I
cswmrate(p H) = Ij&liil —log|A|+ Tr(A)+ AP —t
Then for anyZ € S, the cooperative capacifoop (P, Z~1/?H) ’ b that 23
is an upper bound t€ggate(P, H), since receiver coordi- sue & (23)
nation can only increase capacity. Hence an upper bound on A>0,A >0,
Cyumrate( P H) can be obtained as: AL > H;AH] Vi,
cgmrate(P H) < inf Cepop(P, ZY/2H). Notice that the objective functions of (22) and (23) are thes,
~ ZeS but the variables and constraints are different. We willvgho
mrat H i
From [2], the cooperative capacity is defined as: thatc_ﬁ‘;iona (P, H) > Csao(P, H) by constructing a fea5|bl_e
solution to the Sato upper bound dual problem from an optimal
Covop(P, Z7/?H) = max log|I+Z Y/2HSH'Z71/2|. solution to the MIMO MAC sum rate dual problem.
P x>0,Tr(X)<P Let A = Ao, A = Ay be an optimizing solution to (23), i.e.

Csumrate(P’ H) — _ log |AO| —}—'I‘I‘(AO) —|—)\0P—t Since (23) is

union

a minimization of a convex function over a closed set, we know

Using this definition, we write the Sato upper bound as: that the minimum is achieved, so a minimizing p&io, Ao)
A . ~1/2 tm—1/2| €Xists. We prove (21) by explicitly constructing a feasixde of
Csato(P, H) = zugs' zzof%%%)splog T+2""HEH'Z ] variables(), A, Z) for the Sato upper bound (22) such that the

(18) objective functions in (23) and (22) are equal.
Let us first consider the choice of values(af A, Z) as
Thus the region given by

A= N (24)
X A = A (25)
{(Rl, - RK) 1 ) Ri < Csaro(P, H)} . - e As
1::1 I ... -
ma! 1 Hy AgH],
is an upper bound ofpc(P, H). Next, we show that the sum Z = Xo Ao .(26)
rate capacity of the MIMO BC actually equals the Sato upper e DU
bound. Hyx Ao H] HgAH] I




As long as this choice d is positive definite, it can be verified 28

by the method used below that this set is feasible for (22) and N 5@t Upper Bound

that the objective functions of both minimizations are thms. of Dirty Paper Region

Thus we have constructed the worst case n#ider the Sato

upper bound and have shown (21), but only for the case when

Z > 0. However, in many practical cases this choiceZofs

singular, and hence, not a feasible choic&dbr (22). ©
To circumvent this singularity, we construct instead a fgmi 1

of feasible points (i.& > 0) by introducing an arbitrary param-

eterd > 0. This family of values of A\, A, Z) is given by

Single-User Bounds

05

A = X+6 27)
A. = AO (28) 00 0.‘5 i R 15 2‘ 25
H, AoH] H;AoHl '
. § Ao+d )‘°+51 Fig. 2. Dirty paper broadcast regiol = 2,t = 2,71 = ro = 1, H; =
H>AoH, I H2AoH [1.4,Hy=[41],P=10 ' ' '
Z = Xo+4 Ao+ .(29) - o
H’§A°H1 HrcAoH, I Z > 0. If the constructed matriZ with § = 0 is strictly non-
0+9d Ao+8

singular (i.e.Z > 0), then the cooperative capacity with noise
We need to ensure that this set is feasible for (22). SinggvarianceZ is equalto the MIMO MAC sum rate capacity.
(Ao, Ay) are an optimizing solution of (23jA¢, Ag) must sat- Therefore, in these cas@sis in fact a worst case noise covari-
isfy the constraints in (23). Therefore we have that Ao+ >  ance for the Sato upper bound. Numerically, we also Hnio

0 andA = Ay > 0. Since the matri¥ is block diagonal and pe a worst case noise covariance for cases vihén singular
symmetric by construction, we see thatzif> 0 thenZ € S. when§ = 0, as shown in Example 2 below.

We thus need to verify th& > 0 and tha\Z > HAH. The dirty paper BC region and the capacity regions of the dual
Note thatho + ¢ > 0 and MAC, along with the Sato upper bound and single-user bounds,
t . t are illustrated for a symmetric two user channel in Fig. 2e Th
(Mo +6)Z—HAH' = diag[(\o + 0)I — HiAoH/]

dirty paper region is the union of the pentagons in the figure
= diag[AI— HiAon] + 6K30) because the dirty paper region is formed as a union of the in-
dividual power constraint MAC regions. Since each receiver
Since (Ao, Ag) are an optimizing solution of (23), we havenas only a single antenna, the dual MIMO MAC region with in-
Aol — H;AgH! > 0 for all 5. This implies thaidiag[AoI — dividual power constraints is a simple pentagon. The capaci
HiAOHZ] > 0. Sinceé > 0, we have upper bound is obtained by taking the intersection of theoregy
formed by the two single user optimum corner points (whieh ar
AZ — HA H' = diag[\I — HiAoHiT] +46I>0. (31) paralleltothe axes)and the Sato upper bound, which is &éight
the sum rate capacity. Note that the region formed by alkthre
This implies thatZ > HA H' = HAH'. It thus remains to upper bounds is in fact quite close to the dirty paper achieva
show thatZ > 0. SinceA > 0, we also have thaHAH' > 0. region. Also note that the boundary of the dirty paper achiev
This implies that\Z > 0. SinceX > 0, we then geZ > 0. able region has a straight line segment at the sum rate point.
Hence(), A, Z) form a feasible set of values for (22). Since th&his characteristic of possessing a straight line segmentg
Sato upper bound is equal to the infimum (over the feasibje sgine-division portion) at sum rate is also true for the MIMO

of the objective function, we have MAC capacity region when the transmitters have more than one
antenna [4].
Csato(P,H) < —log|A|+ Tr(A) + AP —t
= —log|Ag| + Tr(Ag) + A\oP —t + 6P VI. NUMERICAL EXAMPLES
= (Csumrate(p H) 4 §P. (32) In this section we provide two numerical examples to better

illustrate the concepts discussed in the paper.

Since this holds for anyy > 0, we getCsaio(PH) < Example 1: Consider a two user broadcast channel vtk
Csumrate p H), which completes the proof of the theoren 1 and channel matrices

A nice property of the proof of the sum rate capacity proof is 1 8 9 1
that it isconstructivan the sense that the proof generates worst- H, = [ 5 '2 ] ,Hoy = [ '2 5 ] . (33)
case noise covariances for the Sato upper bound, assunaing th ) )
the optimizing solution to the MIMO MAC sum rate problem isThe dirty paper achievable region is very difficult to congut
known. Specifically, in Equation (29), we explicitly consit without employing duality, as discussed in Section IlI-AUB,
a noise covariance for which the cooperative capacity gelar we find the dual MAC region using convex optimization tech-
than the MIMO MAC sum rate capacity by an arbitrarily smalhiques to obtain the achievable region in Figure 3.
amount P. Though we show that the constructed mafHix- 0 To compute the Sato upper bound for the problem, we solve
whend > 0, as noted earlier whah> 0 we still are guaranteed the dual problem to the MIMO MAC. Note that this problem



Sato Upper Bound

=
g
\

MIMO BC Sum Rate

R, (nats/use)

=
T
I

Sum Power MIMO MAC Capacity Region
= Dirty Paper BC Achievable Region

0 0.5 1 15 2 25
R, (nats/use)

Fig. 3. Achievable region and Sato upper bound for Example 1 Fig. 4. Channel Parameters for Example 2

is a convex problem with linear matrix inequality consttain last in the MAC, the transformed BC covariances are:

There are many techniques in convex opt|m|zqt|on litematur 0746 .1932 4104  —.0776
to solve such problems. We use an easily available software X; = 1932 5004 |’ o= 0776 .0147
called SDPSOL, developed by Boyd and Wu [17], to get that ' ’ ’ '

Comion (P, H) = 2.2615 nats/sec and obtaify, Ao to be The lower corner point of the sum rate line segment is then
achievable in the BC using these covariance matrices and by
Ay = [ 31'24331 31'(;1(?3 ] decoding User 2 last (i.e using dirty paper coding for User 2 t
) ) cancel out the signal of User 1). To achieve the upper corner
Ao = 1.2879. point of the sum rate line segment, we must perform the MAC-

) _ ) BC transformations using the opposite order in the MAC. We
From these, we obtain the worst case noise (using Equatiggn get

(29) with & = 0)

.0001  —.0069 4849 .1225
1 0 1332 4446 1= o060 4841 ] B = [ 1225 0309 ]
7 0 1 4478 .0613
1332 .4478 1 0 Clearly, these BC covariance matrices are different thaseh
4446 .0613 0 1 used to achieve the other corner point of the sum rate line seg

ment. Therefore, we see that in the MAC the corner points of
which is non-singular. Therefore, we find ti€at., (P, Z~'/2H) =the sum rate boundary can be achieved by using the same set
Csato(P,H) = cCsunrate(p H). The corresponding upperof covariance matrices and different decoding orders. & th
bound to the capacity region is shown in Figure 3. BC, however, a different decoding order and different cevar
The sum rate maximizing covariance matrices in the MAC aemce matrices are needed to achieve the corner points afitie s
rate boundary.
P, — [ 0720 .1827 ] P, = [ 0  .0026 ] ‘ Example 2 Consider a three user broadcast channel, with
1827 4634 |’ 0026 .4646 two antennas at the transmitter= 2) and one antenna each per
) . e . . receiver £; = ro = r3 = 1). The channel matrices are given
Notice that the sum rate is not maximized at a single point WWH, =[01,H, = [-v3/2 —1/2,H; = [3/2 — 1/2]
the boundary of the capacity region, butitis actually mazed ;. the total power constraint — 1. Note that the channels
along a line segment. The corner points of this line segment a o it vectors in Euclidean space, and are spaced 120esegre

gircled in Figure 3. In th? MAC, t_he lower corner poi_nt Of_ thiSapart, as shown in Figure 4. Also note that the channel matrix
line segment can be achieved using the above covariance may

cesP,, P, and by decoding User 1 last. The upper corner point

of the line segment can be achieved usingshmecovariance 0 1
matrices, but th@ppositedecoding order (i.e. decode User 2 H=| —/3/2 —-1/2 (34)
last). Any other point on the line segment can be achieved by V3/2 —1/2

time-sharing between these two decoding orders.

We can use the MAC-BC transformations in (8) to find thbas rank two, and th&l; = —(H, + Hj3).
corresponding sum rate capacity-achieving BC covarian@e m First, let us consider the dual MAC problem. By the symmet-
trices. Note, however, that the transformations depenchen tic structure of these channels, it is clear that allocagggal
decoding order in the MAC. If we assume that User 1 is decodpdwer to each user maximizes the sum rate of this system. Thus



sum rate capacity is achieved with = P, = P; = 1/3 and the worst case noise covariance to be
any MAC decoding order. -

; . . , . I H:AoH] Hi1A(H]
Using the MAC-to-BC transformations in (8), we find covari- . Yo o
ances in the broadcast (corresponding to encoding Uset,1 las Q = Ha2oH; I Ha R0y (40)
User 2 second, and User 3 first) that achieve the same sum rate HSA%HI HzAoHJ IO
point on the capacity region to be - o Ao
1 -5 -5
0 0 2187 .1623 = -5 1 =5 |. (41)
o= [ 0 .2857 ] ) X2 = [ 1623 1205 ] (35) | =56 =5 1
_ 2812 —.1624 We immediately notice thac..a = Qo. Thus, for this case,
M3 = (36 : . ) ;
—.1624  .0937 the singular noise covariance constructed from (26) agtisah
_ worst case noise covariance, even though we are not guadante
and the sum rate capacity equals this when the noise is singular. It may in fact be that the eois

covariance constructed using (26)alsvaysa worst case noise

log |T + E(HIHI +HH, + H§H3)| — .8109 nats /use. covariance (and not just _When it is non-singular), but weehav
3 not been able to prove this.

VIl. CONCLUSION

Now, let us find the worst case noise for the Sato upper boundy, this paper, we established a duality relationship betwee

Note that, ifny = —(na + n3), theny, = —(y2 +y3). ThiS g seemingly unrelated regions: the achievable regiomef t
implies that the received signal at one of the antennas reati ;Mo BC obtained using the dirty paper coding and the capac-

combination of the signal at the other two antennas. Thmefoity region of the MIMO MAC. This duality allows us to easily
one recei_ve antenna can be elimiqated _from the system withgHy the dirty paper achievable region and the dirty paper co-
anyZIoss in the cooperative capacity. Sif@}) = E(n3) = yariance matrices which achieve the boundary of this region
E(n3) = 1, we require tha(n;n;) = —.5 Vi # j. ThUS, & Though the capacity region of the MIMO BC is unknown due
noise covariance matrix given by to its non-degraded nature, we were able to show that the dirt
paper achievable region achieves the sum rate capacityeof th

I =5 =5 MIMO BC through use of the MAC-BC duality and the Sato
Qeana=| =5 1 -5 @37 upper bound. These results open up the possibility thatithe d
-5 =5 1 paper region is the actual capacity region of the MIMO BC and
also the possibility that other instances of duality exisBiaus-
corresponds ta; = —(n2 + ng), which allows us to eliminate sjan multi-terminal networks.
one receive antenna. This noise covariance is a candidate fo
the worst-case noise covariance for the Sato upper bounig. No APPENDIX

that this noise covariance is singular. If we eliminate tiedt A covariance Matrix for Flipped Channel
antenna output, we are left with the following two input, two

output channel: Given a covariance matriX for some channd, we wish to

find a covariance matri¥ such that T(X) < Tr(Z) and

0 1 _ -

G = [ V32 12 ] . (38) log I+ HXH'| = log|I + H'XH]. (42)
If the SVD of His H = FAG' whereA is square and diagonal,

The cooperative capacity with this noise covariance thenis then we propos& = FG'EGF'. Using the identityT +
AB| = I+ BA| and the fact thaF'F = I andG'G = I we

_ -1 can write the capacity of the unflipped channel as:
maxlog [T+ [ _15 1'5 ] GXGT|. (39)
= log I+ HXZH'| = log|I+FAG'ZGAF'|
= logI+AG'ZGA|. (43)

To evaluate the expression above, we use the standard wa-
terfilling technique [2] and find the optimizingZ to be we can similarly write the capacity of the flipped channehwit

5 01 e corresponding cooperative capacity is thid!l candidate covariance mataxas:

0 b _
equal t0.8109 nats/channel use. Since the cooperative capac- log|[I+H/EZH| = log|I+ GAF'FG'SGF'FAGI|
ity with noise covarianc®...q4 equals the MIMO MAC sum = log|I+ GAGIEZGAGT|
rate capacityQ.anq IS @ worst case noise for this problem. = log|I+ AGTEGAL (44)

Now, let us use the method for obtaining the worst case noise .
introduced in the proof of Theorem 3. Using SDPSOL we gdiherefore the rate achieved B in the flipped channel is
|15 0 _ the same as the rate achieved by the original covariance ma-
Ao = [ 0 15 ] and\o = 2/3. From (26) we can ConStrUCttrix 3 in the unflipped channel. It thus only remains to show



that T(X) < Tr(X).

10

To do so, we make use of the identityfor anyj. Forj = 1, we get

K
> T
i=1

The same proof method can be used to show that the BC-MAC
transformations in (12)-(14) also satisfy the trace caists.

IN
i
=

C. Finding the Lagrangian dual problem
We first find the dual problem of the maximum sumrate of the

maxlog|I+ZH P;H;|

=1

(48)

Tr(AB) = Tr(BA). Clearly, we can write
() = T(FGIEGF) = Tr(GTEG) = Tr(TGG).
(45)
We then use Gram-Schmidt to expa@dnto a full unitary ma-
trix:
&=[G G (46)
such thaG Gt = GG = I. Using this unitary matrix, we can MIMO MAC: 2
write
™) = Tr(EGGT)
= TI(ZGGH)+T(EGG)
> Tr(ZTGGH). (47)

To get (47), we used the fact that the mait =G is positive

semi-definite, which implies TEG @T) = Tr(@TZG) > 0.

B. Proof of trace constraint for transformations

over the convex sef = {P; : P; > 0Vi, Y1  {Tr(P;) <
P}.
The problem given by (48) is a convex optimization problem,
e., it has a concave objective function and a convex caimgtr
set. Hence a convex Lagrangian dual minimization problem ca
be obtained that achieves the same optimum value at (48). For

this, we rewrite (48) as

In this section, we show that the MAC-BC transformations

obtained in (8)-(10) satisfy the sum trace requiremenstfive

compute

Tr(EK)

IA

K-1
= Tr(Px)+ Y Ti(SHLPxH).
=1

By adding}_ <" Tr(®

ZTr

By the definition of3;, we get

;) to both sides we get

K-1

) < Tr(Pk) +ZTr
=1

I—|—H «PrxHrg)).

Tr(S, (1 + EK: H/P,H,)) =

min -~ log|X|
K
X=I+ ZHIPsz

i=1

such that

K
> (P <P, P;>.
=1
Note that matrix inequalities are associated with dualaldes

that are matrices, while scalar inequalities are assatiatth
scalar dual variables. The Lagrangian for this problem is:

K
L(X,P;,A,S;,)) = —log|X|+ Tr[A(X —1- HIP:H;
i=1
K K
+ A TP + ) Tr(SP;). (49)
=1 =1

The dual function is found by minimizing with respect to the
primal variablesX, P,:

g(A, Si, )‘) = )éng [’(Xa Pi’ Aa Si, )‘) (50)

We obtain the optimality conditions by differentiating the-
grangian (49) with respect to the primal variables to get

M =H;AH! +; Vi
X '=A.

For any Lagrangians not satisfying these conditions, we get

Tr(%;B;)
i=j+1
< Tr(A,;P;)
j—1
= Tr(P;)+ > Tr(ZHIPH;).
i=1
Using this expression fgr = K — 1 we get
K
Y Tr(E) < Z Tr(P;) +
i=1 I=K-1
K—-2 K
S Tr(Ei@+ > HIPH)).
i=1 I=K-1

By induction, we can further show that

K K j—1 K
> T S OTr(P) + ) Tr(Z(I+ )Y H[PH)),
i=1 I=j i=1

1=j

9(A, S;,\) = —oco. For Lagrangians that do satisfy these con-
ditions, we get
g(A,S;,A\) =log |A| — Tr(A) — AP +1t. (51)

2This derivation is based on the dual problem found in [4]
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The dual problem is then obtained by maximizing the dual func . ACKNOWLEDGMENT
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max log|A| — Tr(A) — AP+t (52) sions regarding singular noise covariances.
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