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Abstract— We consider the optimal power scheduling problem
for the decentralized estimation of a noise-corrupted deter-
ministic signal in an inhomogeneous sensor network. Sensor
observations are �rst quantized into discrete messages, then
transmitted to a fusion center where a �nal estimate is generated.
Supposing that the sensors use a universal decentralized quanti-
zation/estimation scheme and an uncoded Quadrature Amplitude
Modulated (QAM) transmission strategy, we determine the op-
timal quantization and transmit power levels at local sensors so
as to minimize the total transmit power, while ensuring a given
Mean Squared Error (MSE) performance. The proposed power
scheduling scheme suggests that the sensors with bad channels
or poor observation qualities should decrease their quantization
resolutions or simply become inactive in order to save power.
For the remaining active sensors, their optimal quantization
and transmit power levels are determined jointly by individual
channel path losses, local observation noise variance, and the
targeted MSE performance. Numerical examples show that in
inhomogeneous sensing environment, signi�cant energy savings
is possible when compared to the uniform quantization strategy.

Index Terms— Power scheduling, inhomogeneous quantization,
distributed estimation, sensor networks.

I. I NTRODUCTION

Recent technological advances in Wireless Sensor Networks
(WSN) have led to the emergence of small, inexpensive, and
low-power sensor devices with limited on-board processing
and communication capabilities. When suitably programmed
and deployed in large scale, such networked sensors can coop-
erate to accomplish various high-level tasks. Sensor networks
of this type are well-suited for situation awareness applications
such as environmental monitoring (air, water, and soil), smart
factory instrumentation, military surveillance, precision agri-
culture, intelligent transportation and space exploration [1],
[2], [3], to name a few.

Since sensors have only small-size batteries whose re-
placement can be costly if not impossible, sensor network
operations must be energy ef�cient in order to maximize
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network lifespan [4]. A main objective of current sensor
network research is to design energy-ef�cient devices and
algorithms to support all aspects of network operations. The
� AMPs project [5] at MIT and the PicoRadio project [6] at
Berkeley focus on energy-constrained radios and their impact
on ultra-low power sensor nodes and networking. Various
energy-ef�cient algorithms have been proposed for network
coverage [7], data gathering [8], and protocols of medium
access control [9] and routing [10] (see also the survey paper
[1] and the references therein). These references focus on
collaborative strategies and cross-layer designs for distributed
data collection, processing and communication in an energy-
ef�cient manner.

A common WSN architecture consists of a fusion center
and a number of geographically distributed sensors. Such
network architecture can be used to accomplish a joint signal
processing task such as decentralized estimation and detection.
In this paper, we consider decentralized estimation of an
unknown by a set of distributed sensor nodes and a fusion
center. The sensors collect real-valued data, perform a local
data compression and send the resulting discrete messages to
the fusion center, while the latter combines the received mes-
sages to produce a �nal estimate of the observed signal [11].
The problem of decentralized estimation has been extensively
studied, �rst in the context of distributed control [12], and
later in tracking [13] and data fusion [14]; see [15] for a
more complete reference list. Most of these work assume that
the joint distribution of sensor observations is known and that
real-valued messages can be sent from sensors to the fusion
center without distortion. These assumptions are unrealistic for
practical sensor networks since the wireless links betweenthe
sensors and the fusion center invariably suffer from adverse
channel effects such as attenuation and fading. Moreover, the
characterization of probability distributions of sensor observa-
tions can be dif�cult for a large scale sensor network operating
in a time-varying environment. In an effort to remove some of
these restrictive assumptions, several recent work [11], [16],
[17], [15] has proposeduniversal decentralized estimation
schemes (DES) in which the local sensor messages and the
�nal estimation formula are independent of the probability
distribution of sensor observations. These universal DESslet
each sensor send to the fusion center a short discrete message
whose length is determined by the local Signal to Noise Ratio
(SNR), while guaranteeing a mean squared estimation error
(MSE) performance that is within a constant factor of that
achieved by the centralized Best Linear Unbiased Estimator
(BLUE). However, the work of [11], [16], [17], [15] still
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assumes that the wireless channels between sensors and the
fusion center are ideal, and all messages are received by the
fusion center without any distortion.

In this paper, we model the wireless links between sensors
and the fusion center as Additive White Gaussian Noise
(AWGN) channels under suitable channel path loss. We adopt
a universal decentralized quantization/estimation scheme and
an uncoded Quadrature Amplitude Modulated (QAM) trans-
mission strategy for each sensor node. We derive an upper
bound on the MSE distortion of the universal DESs, and
the target MSE performance is then ensured by imposing
the deduced upper bound to be within the desired distortion
level. To minimize the total energy consumption under such
a proposed distortion constraint, we optimally choose the
number of quantization levels and transmit power for all
sensors by taking into account both their local SNRs and
individual channel path losses. Our approach is based on
combining the recently proposed universal DESs [11], [16],
[17], [15] with the energy models for the coded and uncoded
M -QAM transmissions [18], [19], [20] so as to minimize
the total sensor transmission power. We formulate this power
scheduling problem as a convex program and derive its optimal
solution analytically. The analytical form of the optimal power
scheduling scheme suggests that the sensors with bad channels
or poor observation qualities should decrease their quantiza-
tion resolutions or simply become inactive in order to save
energy. For the active sensors, their quantization and transmit
power levels are determined jointly by individual channel
path losses, local observation noise variance, and the targeted
MSE performance. Computer simulations show that for an
inhomogeneous sensing environment our power scheduling
scheme can save substantial amount of sensor energy as
compared to the simple uniform power scheduling strategy,
thus dramatically increasing the sensor network lifespan.

Our paper is organized as follows. Section II describes the
power scheduling problem based on a universal DES and the
QAM transmission strategy. In Section III, we optimize the
number of quantization bits and the local transmit power level
for local sensors based on their local SNRs and channel path
losses. Section IV shows some numerical results illustrating
the energy savings when compared to the uniform power
scheduling scheme, and Section V gives some concluding
remarks.

II. D ECENTRALIZED ESTIMATION IN WSNS

Consider a set ofK distributed sensors, each making obser-
vations on a deterministic source signal� . The observations
are corrupted by additive noises and are described by

xk = � + nk ; k = 1 ; 2; :::; K: (1)

We assume noisesf nk : k = 1 ; 2; :::; K g are zero mean,
spatially uncorrelated with variance� 2

k , but otherwise un-
known. By a suitable linear scaling, the above data model
(1) is equivalent to the one where sensors observe� with
different attenuation, namely,xk = hk � + nk . Indeed, if we let
x0

k (t) = xk =hk andn0
k = nk =hk , thenx0

k = � + n0
k which is

identical to (1) with equivalent noise variances� 0
k

2 = � 2
k =h2

k .

Suppose sensors and the fusion center wish to jointly
estimate� based on the sensor observationsf xk g. We will
use MSE to measure the quality of an estimator. If the fusion
center has the knowledge of sensor noise variances and the
sensors can send the observationsf xk : k = 1 ; 2:::; K g to
the fusion center without distortion, then the fusion center can
simply perform the linear combination of sensor observations
to recover� . This is the concept of the centralized BLUE [21]:

� K = � K (x1; x2; : : : ; xK ) =

 
KX

k=1

1
� 2

k

! � 1 KX

k=1

xk

� 2
k

: (2)

A simple calculation shows that this estimator has an MSE of

DBLUE := E
�
j� K � � j2

�
=
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1
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: (3)
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Fig. 1. A decentralized estimation scheme by a WSN with a fusion center.

The above scheme is only applicable in a centralized esti-
mation situation where observationsxk 's are either centrally
located, or can be transmitted to a central location without
distortion. Neither of these requirements is realistic in aWSN
where the data are spatially distributed and the communication
links between the fusion center and sensor nodes are power
constrained and subject to the usual pathloss. As a result, we
propose the following decentralized estimation scheme (see
Figure 1). First, each sensor performs a local quantization
of xk and generates a discrete messagemk (xk ; L k ) of L k

bits, where the quantizerQk : xk 7! mk (xk ; L k ) is to be
designed. Each discrete message is then transmitted to the
fusion center through a separate AWGN channel with a known
pathloss coef�cient, and the fusion center generates the �nal
estimate �� based on the received signals. The independent
AWGN channels between sensors and the fusion center can
be realized by any of the well-known multi-access techniques
such as TDMA, FDMA or CDMA.

The main purpose of this paper is to investigate adaptive
quantization of sensor observations and its impact on energy
saving. More speci�cally, we will adopt certain speci�c quan-
tization and transmission strategies for each sensor, and decide
the optimal message lengthsL k and its corresponding transmit
power levels. Due to the lack of noise pdf knowledge, we
take Qk : xk 7! mk (xk ; L k ) to be a uniform randomized
quantizer [15]. This quantization scheme works universally for
all noise pdf, and it generates unbiased message functions.In
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addition, we adopt uncoded QAM transmission [19], [20]
of the quantized bits. The estimator at the fusion center is a
generalized version of the BLUE estimator (2) which weighs
the message functions linearly with weights decided by both
the observation noise and the quantization noise. We will
optimally choose quantization and transmit power levels at
local sensors so as to minimize the total transmit power, while
ensuring a targeted MSE performance.

A. Probabilistic Quantization of a Bounded Random Variable

Suppose[� W; W ] is the signal range that sensors can
observe, that is,x = � + n 2 [� W; W ], whereW is a known
parameter decided by the sensors' dynamic range, and� is
the unknown signal to be estimated. The noisen has zero
mean and variance� 2, but is otherwise unknown. Suppose
we want to quantizex into L bits regardless of the probability
distribution ofx. This can be achieved by uniformly dividing
[� W; W ] into intervals of length� = 2W

2L � 1 , and rounding
x to the neighboring endpoints of these small intervals in a
probabilistic manner (see Figure 2). More speci�cally, suppose
i � � x < (i + 1)� where � 2L � 1 � i � 2L � 1, then x is
quantized tom(x; L ) according to

Pf m(x; L ) = i � g = 1 � r;

Pf m(x; L ) = ( i + 1)� g = r;

with r � x � i �
� 2 [0; 1]: Notice thatr is chosen so that the

� � � � � �r

x

1 � r

� W WW � �i � ( i + 1)�

Fig. 2. A probabilistic uniform quantization scheme.

quantizationm(x; L ) is unbiased, namely, EQ (x) = x, where
EQ denotes expectation taken with respect to the probabilistic
quantization noise. It is easy to see thatm assumes2L discrete
valuesf i � : i = � (2L � 1 � 1); : : : ; � 1; 0; 1; : : : ; 2L � 1 � 1g
which can be represented inL bits. The quantization noise
v(x; L ) := m(x; L ) � x can be viewed as a Bernoulli random
variable taking values atr � and(r � 1)� , i.e.,

Pf v(x; L ) = r � g = 1 � r;

Pf v(x; L ) = ( r � 1)� g = r:

In terms of the quantization noisev(x; L ), m(x; L ) can be
written as

m(x; L ) = � + n + v(x; L ); (4)

where n and v(x; L ) are independent. Next lemma, whose
proof can be found in [15], shows that this message function
is an unbiased estimator of� with a variance approaching� 2

at an exponential rate asL increases.
Lemma 1:Let m(x; L ) be an L-bit quantization ofx 2

[� W; W ] as de�ned above. Thenm is an unbiased estimator
of � and

E
�
jm(x; L ) � � j2

�
�

W 2

(2L � 1)2 + � 2 for all L � 1

where the expectation is taken with respect to both the sensor
observation noise and quantization noise.

Now suppose the bit budget for sensork is L k for 1 �
k � K . With the strategy described above, we design local
independent quantizersQk : xk 7! mk (xk ; L k ), where
mk (xk ; L k ) is a discrete message ofL k bits. According to
(4), mk can be represented as

mk (xk ; L k ) = � + nk + vk ; (5)

where the quantization noisevk = vk (xk ; L k ) across sensors
are independent because quantizations are performed locally
at each sensor without coordination. By Lemma 1, we have
E(mk ) = � and

Var(mk ) �
W 2

(2L k � 1)2 + � 2
k = � 2

k + � 2
k ; (6)

where

� 2
k =

W 2

(2L k � 1)2

denotes an upper bound of the quantization noise variance.
These message functions are then transmitted to the fusion
center where they are combined to generate a �nal estimate
of � .

B. Fusion Function: Quasi-BLUE

Our goal is to construct a linear estimator of� from
f m1; m2; : : : ; mK g such that the MSE is minimized. Recall
from the property of BLUE (2) that the optimal weight ofmk

is proportional to Var(mk ) � 1. Therefore, according to (6) we
can set the weight formk as 1=(� 2

k + � 2
k ), giving rise to the

following estimator

� K = � K (m1; m2; : : : ; mK )

=

 
KX

k=1

1
� 2

k + � 2
k

! � 1 KX

k=1

mk

� 2
k + � 2

k
: (7)

Notice that� K is an unbiased estimator of� since everymk

is an unbiased quantization ofxk . Moreover, it has an MSE

D � E
�
j� K � � j2

�

= E

2

6
4

0

@

 
KX
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1
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k + � 2
k

! � 1 KX

k=1

mk � �
� 2

k + � 2
k

1

A

2
3

7
5

=

 
KX

k=1

1
� 2

k + � 2
k

! � 2 KX

k=1

E
�
jmk � � j2

�

(� 2
k + � 2

k )2

�

 
KX

k=1

1
� 2

k + � 2
k

! � 1

;

where the third step follows from the fact thatmk � � = nk + vk

andmj � � = nj + vj (see (5)) are uncorrelated forj 6= k, and
E(mk ) = � for all k as shown in Lemma 1, while the �nal
inequality results from the application of(6) to each term in
the sum.

So far we have assumed that the sensor messagesf mk :
k = 1 ; 2; : : : ; K g are perfectly received by the fusion center.
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When eachmk is transmitted to the fusion center through a
non-perfect channel with �nite power, bit error occurs, which
further impacts on the estimation accuracy at the fusion center.
We will model each sensor's channel to the fusion center
as a memoryless binary symmetric channel, the following
lemma (whose proof is given in Appendix A) analyzes the
contribution of Bit Error Rate (BER) to the MSE performance.

Lemma 2 (MSE due to BER):Suppose the probability of
bit error achieved by sensork is pk

b , andm0
k is the decoded

version of mk at the receiver. LetD 0 denote the MSE
achieved by the estimator(7) based on the received messages
f m0

1; m0
2; : : : ; m0

K g. If f pk
bg satisfy (for somep0 > 0)

p0 �
8W
� k

r
Kp k

b

3
; for all k; (8)

then

D 0 � (1 + p0)2

 
KX

k=1

1
� 2

k + � 2
k

! � 1

:

Lemma 2 shows that the actual achieved MSE is at most a
constant factor away from what is achievable with perfect
sensor channels, provided that each sensor's BER is bounded
above (8).

III. POWER SCHEDULING

We assume that the channel between each sensor and the
fusion center is corrupted with additive white Gaussian noise
whose double-sided power spectrum density is given byN0=2.
In addition, the channel between sensork and the fusion center
experiences a pathloss proportional toak = d�

k , wheredk is
the transmission distance and� is the passloss exponent. We
further assume that sensors follow a time division multiple
access scheme to send data to the fusion center. If sensor
k sendsL k bits with quadrature amplitude modulation with
constellation size2L k at a bit error probabilitypk

b , then the
total amount of required transmission energy [19], [20] is
given by

Ek = ck ak

�
ln

2
pk

b

�
�
2L k � 1

�
(9)

with

ck = 2N f N0Gd; (10)

whereN f is the receiver noise �gure,N0 is the single-sided
thermal noise spectral density, andGd is a system constant
de�ned in the same way as in [19], [20].

In addition, we suppose that sensork �rst samples the
observed signal at rateBs, and then quantizes each sample to
L k bits. The transmission symbol rate is equal to the sampling
rate Bs, and we take the QAM constellation size to be2L k

in order to minimize the delay. Neglecting circuit power, the
average transmit power consumption of nodek is Pk = BsEk .
Our primary goal is to minimize the total power consumption
while meeting a target overall MSE performance. A secondary
goal is to maintain fairness in the power scheduling among
sensors. For anyq � 1, the L q-norm of the power vector
P = ( P1; P2; : : : ; PK ) is de�ned as

kPkq =

 
KX

k=1

Pq
k

! 1=q

:

Minimizing the total power consumption implies minimizing
the L 1-norm of P, while minimizing the maximum of the
individual power values implies minimizing theL 1 -norm of
P. In our work we make a design compromise by choosing

to minimize theL 2-norm of P : kPk2 =
q P K

k=1 P2
k . In

this way, we can penalize the large terms in the power vector
while still keeping the total power consumption reasonably
low. The L 2-norm also allows an easier analytical treatment
of the power scheduling problem, and helps us to obtain a
closed form solution.

With the goal of minimizing theL 2-norm of the sensor
power vector, we obtain the following formulation of the
power scheduling problem

min kPk2

s. t. D 0 � D0
(11)

where D 0 and D0 are the achieved and target MSE perfor-
mance respectively.

Assume that the constantsf ck g (cf. (10)) andBs are the
same for all nodes, and that the same target BER is chosen for
all sensors. To ensure thatD 0 � D0, we use the upper bound
of D 0 deduced in Lemma 2. In addition, applying(9), we can
reformulate the problem (11) as

min
L k 2 Z

KX

k=1

a2
k

�
2L k � 1

� 2

s. t. D 0 = (1 + p0)2

 
KX

k=1

1
� 2

k + � 2
k

! � 1

� D0 (12)

� 2
k =

W 2

(2L k � 1)2 ; k = 1 ; � � � ; K

L k � 0; k = 1 ; � � � ; K

where� 2
k is the quantization noise variance,2W is the range

for the sensed signal,L k is an integer signifying the number
of quantized bits per sample at sensork. To facilitate the
subsequent analysis, we will relax the integer conditionL k 2
Z to L k 2 R. However, even with this relaxation, the above
problem remains nonconvex inL k . Fortunately, we show next
that the problem (12) can be reformulated as a convex one by
performing a change of variables.

Let us de�ne r k = 1=(� 2
k + � 2

k ); k = 1 ; � � � ; K . We see
that L k and � 2

k can both be replaced by functions ofr k as

� 2
k =

1
r k

� � 2
k ;

(2L k � 1)2 =
W 2

� 2
k

=
W 2

1
r k

� � 2
k

=
W 2r k

1 � r k � 2
k

:

Therefore, the problem (12) can be transformed into a problem
with variablesr = ( r 1; r 2; : : : rK ) shown as follows

min
r k 2 R

KX

k=1

a2
k

�
W 2r k

1 � r k � 2
k

�

s. t.
KX

k=1

r k �
1

D 0
0

(13)

0 � r k <
1

� 2
k

; k = 1 ; � � � ; K
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whereD 0
0 = D0=(1 + p0)2. The upper limit onr k is given by

the fact thatr k = 1=(� 2
k + � 2

k ) and� 2
k � 0. It is easy to check

that the optimization problem (13) is convex with respect to
the new variablesr = ( r 1; r 2; : : : rK ).

Though the convex problem (13) is ef�ciently solvable by
numerical methods, we show below that it can actually be
solved analytically. In particular, we can write the Lagrangian
function G as

G(r ; � 0; � ) =
KX

k=1

a2
k

�
W 2r k

1 � r k � 2
k

�
+ � 0

 
1

D 0
0

�
KX

k=1

r k

!

�
KX

k=1

� k r k

which gives the following Karush-Kuhn-Tucker (KKT) condi-
tions [22]:

W 2a2
k

(1 � r k � 2
k )2 � � 0 � � k = 0 ; k = 1 ; 2; : : : K; (14)

� 0

 
KX

k=1

r k �
1

D 0
0

!

= 0 ;

KX

k=1

r k �
1

D 0
0

� 0; (15)

� 0 � 0;

� k r k = 0 ; k = 1 ; 2; : : : K; (16)

� k � 0; k = 1 ; 2; : : : K;

0 � r k <
1

� 2
k

; k = 1 ; 2; : : : K:

We notice that, if� 0 = 0 , then (14) would implyuk > 0 for
all k; Combining this with(16) showsr k = 0 for all k, which
violates the condition(15). Thus, we must have� 0 > 0, which
further implies

P K
k=1 r k = 1

D 0
0
.

We proceed to solve the above KKT system. Without loss
of generality, we assume thata1 � a2 � : : : � aK , and de�ne

f (M ) = aM

 
MX

k=1

ak

� 2
k

! � 1  
MX

k=1

1
� 2

k
�

1
D 0

0

!

;

for 1 � M � K: (17)

Let K 1 be such that

f (K 1) < 1 and f (K 1 + 1) � 1: (18)

We show in Appendix B that suchK 1 is unique unless
f (M ) < 1 for all 1 � M � K , in which case we take
K 1 = K . Simple manipulations of the KKT system lead to

� 0 =

0

B
B
B
B
B
@

W
K 1X

k=1

ak

� 2
k

K 1X

k=1

1
� 2

k
�

1
D 0

0

1

C
C
C
C
C
A

2

;

and

r opt
k =

1
� 2

k

�
1 �

ak W
p

� 0

� +

; k = 1 ; 2; : : : ; K; (19)

where(x)+ equals0 when x < 0, and otherwise is equal to
x.

By de�nition, we have

r k =
1

� 2
k +

W 2

(2L k � 1)2

:

Thus (19) implies that the optimal value ofL k is

L opt
k = log 2

0

@1 +

vu
u
t

W 2

1
r opt

k
� � 2

k

1

A ;

=

8
<

:

0 for k � K 1 + 1

log
�

1 +
W
� k

r
� 0

ak
� 1

�
for k � K 1

;

(20)

where

� 0 =

p
� 0

W
=

 
K 1X

k=1

1
� 2

k
�

1
D 0

0

! � 1 K 1X

k=1

ak

� 2
k

:

The transmission power for nodek is given as

Pk = ck Bs

�
ln

2
pb

�
Wak

� k

s �
� 0

ak
� 1

� +

:

Notice that when
� 0

ak
� 1, or ak � � 0, we haveL k = 0 , and

thereforePk = 0 . Sinceak is the channel loss factor (inverse
of the channel gain), this implies that when the channel quality
for sensork is worse than the threshold� 0, we should discard
its observation in order to save energy. In the simulations,
we can see that in some cases, a large number of sensors
with bad channel qualities or poor observations shut off (see
Figure 3 and Figure 4). The message length formula in(20)
is intuitively appealing as it indicates that the message length
should be proportional to the logarithm of local SNR scaled by
channel path gain. This is in the same spirit as the message
length formula when the channel is distortionless; see [17].
For example, if the channel quality is very poor (indicated by
ak > � 0), the message length formula (20) may still assign
L k = 0 , even if the sensor has good quality observation (i.e.,
small � 2

k ). This again conforms with intuition.
To implement the described power scheduling scheme, the

central node(fusion center) needs to broadcast the threshold
� 0 whose value is based on the collected network information.
Local sensors then decide the quantization message lengthL k

according to its own local information(� k andak ) and� 0 (c.f.
(20)). In particular, sensors withak � � 0 should be inactive.

IV. N UMERICAL RESULTS

According to (18), the number of active sensorsK 1 depends
on the target MSED0, the distribution of channel path losses
as well as sensor noise variances. This dependence will be il-
lustrated by numerical results in this section. In all simulations,
the total number of sensorsK = 1000. We generate sensor
noise variances� 2

k according to the distribution0:1+ a2� 2(1),
where� 2(1) is the Chi-square distribution of degree1. Also,
the channel path loss coef�cientsak = d�

k are generated by
a uniformly distributeddk 2 [1; 10] (the distance between
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sensork and the fusion center), and some passloss exponent� .
With different choices ofa and � , we can generatef � 2

k ; k =
1; 2; : : : ; K g and f ak ; k = 1 ; 2; : : : ; K g to model different
sensing environments.

For a positive random variableR, we de�ne

normalized deviation ofR =

p
Var(R)
E(R)

;

which will be used as a measure of the absolute heterogeneity
of R. The purpose of our simulations is to observe how the
percentage of active sensors, and amount of energy saving vary
over the heterogeneity of sensor noise variances or channel
path losses.

0 0.5 1 1.5 2 2.5

x 10
-3

20

30

40

50

60

70

80

90

100

Target MSE

P
er

ce
nt

ag
e 

of
 a

ct
iv

e 
se

ns
or

s

Fig. 3. Number of active sensors decreases as the target MSE increases.
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Fig. 4. Number of active sensors decreases as the channel pathlosses become
more heterogeneous.

According to (17), when targetD0 increases or when
channel path losses become more diverse, more sensors will
become inactive. Such inactive sensors neither perform quan-
tization nor transmit any messages to the fusion center in
order to conserve energy. Fig. 3 plots the percentage of active
sensors versus some target MSED0 � D BLUE when the
distribution of channel path losses and sensor noise variance
are kept �xed by choosing� = 3 :5, a = 1 . In Fig. 4, the
percentage of active sensors versus the normalized deviation

of channel path losses is plotted by keeping distribution of
local sensor noise variances �xed choosinga = 1 , and the
target MSED0 = 2DBLUE where DBLUE is the MSE of
the centralized BLUE de�ned in (3). Similar curve can be
obtained if we plot the percentage of active sensors versus the
normalized deviation of sensor noise variances by keeping the
targetD0 and channel path losses �xed.

SinceL k can only take integer values, the original problem
(12) is actually a non-convex integer programming problem.
We have relaxedL k to take real values to make the problem
convex. Therefore, the optimal power consumption obtained
by allowing L k to take on real values is a lower bound
(denoted asP� ) of the actual power consumption. If we round
theL opt

k up to the closest integer�L opt
k that is larger thanL opt

k ,
we can obtain an upper bound (denoted asP+ ) of the actual
power consumption.
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Fig. 5. Percentage of energy saving increases when sensor noise variances
become more heterogeneous.
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Fig. 6. Percentage of energy saving increases when channel path losses
become more heterogeneous.

However, even the approximate solution�L opt
k can achieve

signi�cant energy saving compared with the following two
strategies:

� Uniform quantization: each sensor quantizes the observa-
tion into the minimal same number of bits to achieve the
target MSE distortionD0;
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� Uniform power scheduling: each sensor schedules the
minimal identical amount of power to achieve the target
MSE distortionD0.

Notice that the uniform power scheduling can also be
obtained by solving (11) with objective function replaced by
jjP jj1 = max k f Pk g.

The comparison is shown in Fig. 5 and Fig. 6. In Fig. 5, we
suppose there is no fading and all channel path lossesf ak g
take the same value1, and observe how the percentage of en-
ergy savings varies over the standard deviation of observation
noise variancesf � 2

k g. In such a case, the uniform quantization
strategy coincides with the uniform power scheduling strategy
due to the same path losses. In Fig. 6, allf � 2

k g take the same
value 0:1 as the normalized deviation off ak g increases. We
conclude that when compared to either uniform power schedul-
ing or uniform quantization scheme, the amount of energy
savings of our proposed strategy becomes more signi�cant
when either the local noise variances or channel path losses
become more heterogeneous.

V. CONCLUDING REMARKS

In this paper we have derived a power scheduling strat-
egy for decentralized estimation in wireless sensor networks,
whereby sensor nodes are assumed to adopt a uniform ran-
domized quantization scheme as well as an uncoded QAM
transmission scheme. Our design minimizes the total energy
consumption subject to the constraint that the worst distortion
is within a given level. We show that the optimal quantization
level and transmission power for each sensor can be deter-
mined jointly in terms of the channel path losses and the
local observation noise levels. When the channel quality is
below a (computable) threshold, the corresponding sensor will
be completely shut off to save energy. In contrast, when the
channel quality is good and the observation noise is low, the
corresponding sensor will be active: it will �rst quantize its
observation to a speci�c (computable) number of bits and then
transmit them to the fusion center using an appropriate amount
of transmission power. Numerical examples show that in an
inhomogeneous sensing environment, our design can achieve
a signi�cant amount of energy saving when compared to the
uniform quantization strategy in which each sensor generates
the same number of bits regardless of its channel quality.

To obtain the desired quantization and transmit power levels,
we have assumed in this paper that the fusion center knows
f (� 2

k ; ak ) : k = 1 ; 2; : : : ; K g. This assumption is reasonable
in cases where the network condition and the signal being
estimated change slowly in a quasi-static manner. Thus, once
f (� 2

k ; ak ) : k = 1 ; 2; : : : ; K g are acquired by the fusion
center, they can be used for a reasonably long period of
time. Also, our approach can be generalized to the estimation
of a memoryless discrete-time random process� (t). Due to
the temporal memoryless property of the source and sensor
observations, we can impose sample-by-sample estimation
without signi�cant estimation performance loss, but obtain
important features such as easy implementation and no coding
and estimation delay.

For future work, we wish to extend the current work to the
vector signal model:x k = H k � + nk , for all k, where� is

the vector of unknown parameters,x k is the vector of sensor
observations. Our initial investigation shows the correspond-
ing energy minimization problem becomes nonconvex, which
makes the optimal power scheduling dif�cult to compute. We
also plan to explore tighter universal source coding bounds
and other energy-ef�cient coded transmission schemes for
decentralized estimation in wireless sensor networks. It is
likely that joint source and channel coding approaches can
achieve higher energy ef�ciency than the strategy considered
in this paper. Moreover, designing a completely distributed
algorithms for optimal power scheduling which does not
require local sensor informationf (� k ; ak ) : k = 1 ; 2; : : : ; K g
at the fusion center is also part of our future work.

APPENDIX

A. Proof of Lemma 2

The quantized messagemk hasL k bits and can be written
as

mk =

 
L kX

i =1

bi 2L k � i � 2L k � 1

!

� k ;

where� k =
2W

2L k � 1
, b1 is the �rst most signi�cant bit (MSB)

of mk , andb2 is the second MSB, etc.
Suppose the BER of sensork is pk

b , andm0
k are the decoded

version ofmk at the fusion center. Let� 2
k = � 2

k =4, then the
estimator based on the received messagesf m0

1; m0
2; : : : ; m0

K g
is

�
0
K = �

0
K (m0

1; m0
2; : : : ; m0

K )

=

 
KX

k=1

1
� 2

k + � 2
k

! � 1 KX

k=1

m0
k

� 2
k + � 2

k
:

Notice that we may haveL k = 0 for somek. In this case,� 2
k =

W 2

(2 L k � 1) 2 = + 1 , indicating that the corresponding weight of
such message is 1

� 2
k + � 2

k
= 0 . Therefore, such sensors do not

participate the estimation in order to save energy, and will
have no contribution in the �nal MSE.

We now analyze the MSE of�
0
K by taking into account the

bit error caused by the channel. To transmitmk , the binary
bits f b1; b2; : : : ; bL k g must be sent. Suppose the decoded bits
at the fusion center aref b0

1; b0
2; : : : ; b0

L k
g. Let A ` denote the

event that the �rst bit decoded incorrectly isb̀ , i.e., b0
` 6= b̀ ,

but b0
i = bi for all 1 � i � ` � 1, andB denote the event that

all bits are decoded correctly. Then for any1 � ` � L k , we
have

P(A ` ) = Pf b0
1 = b1; : : : ; b0

` � 1 = b̀ � 1; b0
` 6= b̀ g

=
�
1 � pk

b

� ` � 1
pk

b ; (21)

P(B ) = Pf b0
1 = b1; : : : ; b0

L k � 1 = bL k � 1; b0
L k

= bL k g

=
�
1 � pk

b

� L k :
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When the eventA ` happens, it holds that

jmk � m0
k j =

�
�
�
�
�

L kX

i =1

bi 2L k � i �
L kX

i =1

b0
i 2

L k � i

�
�
�
�
�
� k

�
L kX

i = `

jbi � b0
i j 2L k � i � k

�
L kX

i = `

2L k � i � k = 2 L k � ` � k

L k � `X

i =0

2� i

� 2L k � ` +1 � k ; (22)

where the second and the third steps follow fromjbi � b0
i j = 0

for 1 � i � ` � 1, andjbi � b0
i j � 1 for ` � i � L k . Thus, we

can obtain from (21) and (22) that

E( jmk � m0
k j j mk ) =

L kX

` =1

P(A ` )E( jmk � m0
k j j A ` )

�
L kX

` =1

�
1 � pk

b

� ` � 1
pk

b2L k � ` +1 � k

= 2 L k pk
b � k

L kX

` =1

�
1 � pk

b

2

� ` � 1

< 2L k pk
b

1

1 � 1� pk
b

2

� k

< 2L k +1 pk
b � k :

Similarly, we have

E
�

jmk � m0
k j2

�
� mk

�
=

L kX

` =1

P(A ` )E
�

jmk � m0
k j2

�
� A `

�

�
L kX

` =1

�
1 � pk

b

� ` � 1
pk

b22L k � 2` +2 � 2
k

= 2 2L k pk
b � 2

k

L kX

` =1

�
1 � pk

b

4

� i � 1

< 22L k pk
b

1

1 � 1� pk
b

4

� 2
k

<
22L k +2 pk

b

3
� 2

k :

Since the above bounds are independent ofmk , we obtain the
following estimates for the unconditioned means:

E(jmk � m0
k j) < 2L k +1 pk

b � k ;

E
�
jmk � m0

k j2
�

<
22L k +2 pk

b

3
� 2

k : (23)

Let D be the MSE of the centralized BLUE� K (de�ned in
(7)):

D = E
�
j� K � � j2

�
=

 
KX

k=1

1
� 2

k + � 2
k

! � 1

: (24)

Now we calculate the part of MSE due to the channel
distortion. We ignore the terms in the estimators� K and �

0
K

whenL k = 0 because the corresponding terms vanish in both
estimators:

E
�

j�
0
K � � K j2

�

= E

0

B
@

0

@
KX

k=1 ;L k � 1

1
� 2

k + � 2
k

1

A

� 1
KX

k=1 ;L k � 1

mk � m0
k

� 2
k + � 2

k

1

C
A

2

�

0

@
KX

k=1 ;L k � 1

1
� 2

k + � 2
k

1

A

� 2
KX

k=1 ;L k � 1

K E
�
jmk � m0

k j2
�

(� 2
k + � 2

k )2

�

0

@
KX

k=1 ;L k � 1

1
� 2

k + � 2
k

1

A

� 2
KX

k=1 ;L k � 1

K 22L k +2 pk
b

3 � 2
k

(� 2
k + � 2

k )2

=

0

@
KX

k=1 ;L k � 1

1
� 2

k + � 2
k

1

A

� 2
KX

k=1 ;L k � 1

K
3 22L k +2 pk

b
4W 2

(2 L k � 1) 2

(� 2
k + � 2

k )2

�

0

@
KX

k=1 ;L k � 1

1
� 2

k + � 2
k

1

A

� 2
KX

k=1 ;L k � 1

64K
3 pk

bW 2

(� 2
k + � 2

k )2 :

In the above derivation, we have used (23) in step 3. A factor
of K is introduced in step 2 since error termmk � m0

k does
not have zero mean in general.

Choosep0 > 0 such that for anyk,

64K
3

pk
bW 2 � p2

0

�
� 2

k + � 2
k

�
; (25)

then

E
�

j�
0
K � � K j2

�
� p2

0

0

@
KX

k=1 ;L k � 0

1
� 2

k + � 2
k

1

A

� 1

= p2
0

 
KX

k=1

1
� 2

k + � 2
k

! � 1

:

Let D 0 be the MSE of�
0
K . Then we can combine the above

bound with (24) to obtain

D 0 = E
�

j�
0
K � � j2

�
= E

�
j�

0
K � � K + � K � � j2

�

� E
�

j�
0
K � � K j2

�
+ E

�
j� K � � j2

�

+2

r

E
�

j�
0
K � � K j2

�
E

�
j� K � � j2

�

� (p2
0 + 2p0 + 1) D;

where the third term in the second line does not vanish
because E

�
(�

0
K � � K )( � K � � )

�
6= 0 due to the possible

bias caused by BER. We bound this term by E
�

j�
0
K � � K j2

�
�

E
�
j� K � � j2

�
using the Cauchy-Schwartz inequality. Accord-

ing to (25), the constantp0 can be chosen as

p0 = max
1� k � K

8W
� k

r
Kp k

b

3
:

This completes the proof of Lemma 2.
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B. Uniqueness ofK 1

Lemma 3:For f (M ) de�ned in (17), i.e.,

f (M ) =

aM

 
MX

k=1

1
� 2

k
�

1
D 0

0

!

MX

k=1

ak

� 2
k

; for 1 � M � K;

wherea1 � a2 � : : : � aK . Supposef (M ) � 1 for some1 �
M � K , then there exists a uniqueK 1 such thatf (K 1) < 1
and f (K 1 + 1) � 1, where1 � K 1 � K .

Proof: It is easy to see that

f (1) =

a1

� 2
1

�
a1

D 0
0

a1

� 2
1

< 1:

We �nd the smallestK 0 � K such thatf (K 0) � 1 (the
existence of suchK 0 follows from the assumption). We claim
that f (M ) � 1 for any M � K 0. This can be proved by
showing that iff (M ) � 1, thenf (M + 1) � 1. Speci�cally,
supposef (M ) � 1 for someK 0 � M � K , then we have

f (M + 1) =

aM +1

 
M +1X

k=1

1
� 2

k
�

1
D 0

0

!

M +1X

k=1

ak

� 2
k

=

aM

 
MX

k=1

1
� 2

k
�

1
D 0

0

!

+
aM +1

� 2
M +1

MX

k=1

ak

� 2
k

+
aM +1

� 2
M +1

+

(aM +1 � aM )

 
MX

k=1

1
� 2

k
�

1
D 0

0

!

MX

k=1

ak

� 2
k

+
aM +1

� 2
M +1

�

aM

 
MX

k=1

1
� 2

k
�

1
D 0

0

!

+
aM +1

� 2
M +1

MX

k=1

ak

� 2
k

+
aM +1

� 2
M +1

� 1;

where the last inequality is due to the fact that
a + b
c + b

� 1; if f a � c; a > 0; b > 0; c > 0g.

Speci�cally, we can make the following identi�cation

a = aM

 
MX

k=1

1
� 2

k
�

1
D 0

0

!

; b =
aM +1

� 2
M +1

; c =
MX

k=1

ak

� 2
k

;

and use the fact thatf (M ) =
a
c

� 1.
Sincef (M ) � 1 for any M > K 0, it follows that there is

a uniqueK 1 satisfyingf (K 1) < 1 and f (K 1 + 1) � 1, and
K 1 = K 0 � 1. The proof is complete.
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