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Abstract— We compare the rate of a multiple-antenna relay
channel to the capacity of multiple-antenna systems to charac-
terize the cooperative capacity in different SNR regions. While it
is known that in the asymptotic regime, at a high SNR or with a
large number of cooperating nodes, cooperative systems lack full
multiplexing gain, in this paper we consider cooperative capacity
gain at moderate SNR with a fixed number of cooperating
antennas. We show that up to a lower bound to an SNR threshold,
a cooperative system performs at least as well as a MIMO system
with isotropic inputs; whereas beyond an upper bound to the SNR
threshold, the cooperative system is limited by its coordination
costs, and the capacity is strictly less than that of a MIMO
orthogonal channel. The SNR threshold depends on the network
geometry (the power gain g between the source and relay) and
the number of cooperating antennas M ; when the relay is close to
the source (g � 1), the SNR threshold lower and upper bounds
are approximately equal. As the cooperating nodes are closer,
i.e., as g increases, the MIMO-gain region extends to a higher
SNR. Whereas for a populous cluster, i.e., when M is large, the
coordination-limited region sets in at a lower SNR.

I. INTRODUCTION

In wireless networks, node cooperation has been proposed
as a strategy to improve communication reliability and system
capacity. The idea of cooperative diversity was pioneered
in [1], [2], where the transmitters cooperate to achieve a
larger rate region by repeating detected symbols from each
other. In [3] the transmitters forward parity bits to achieve
cooperation diversity. Cooperative diversity and outage behav-
ior was studied in [4], where it was shown that orthogonal
cooperative protocols can achieve full spatial diversity order.
Multiple-antenna systems and cooperative ad-hoc networks
were compared in [5], [6]; capacity gain was characterized
to demonstrate that cooperation is most beneficial when the
cooperating nodes are close together. Information-theoretic
achievable rate regions and bounds were derived in [7]–
[12] for channels with transmitter and/or receiver cooperation.
For relay networks it was shown in [13] that decode-and-
forward is close to optimal when the relay is near the source,
whereas compress-and-forward is more beneficial when the
relay is near the destination. Capacity gain from transmitter
and receiver cooperation were compared in [14], [15] in a relay
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channel, under different channel state information (CSI) and
power allocation assumptions. It was shown that transmitter
cooperation is more favorable with CSI at the transmitter
(CSIT), while receiver cooperation is superior under optimal
power allocation without CSIT.

The capacity of cooperative systems has been studied in the
asymptotic regime. In [16], it was shown that at asymptotically
high signal-to-noise ratio (SNR), the multiplexing gain of an
N -source-destination-pair network is upper bounded by N/2.
Thus cooperative systems do not enjoy full multiplexing gain.
In fact, the N/2 upper bound was believed to be loose and
the multiplexing gain was conjectured to be one. From another
perspective, the capacity of large Gaussian relay networks was
considered in [17]. In an N -node network, for asymptotically
large N , capacity scales as Θ(log N). Hence cooperative
systems fail to achieve the linear capacity scaling order (in the
number of antennas) found in multiple-input-multiple-output
(MIMO) systems. Under what conditions, then, is cooperation
of most value? In this paper, we consider cooperative capacity
gain at moderate SNR with a fixed number of cooperating
antennas. We show that up to an SNR threshold, which
depends on the network geometry and the number of antennas,
a cooperative system performs at least as well as a MIMO
system with isotropic inputs.

The rest of the paper is organized as follows. Section II mo-
tivates and defines the multiple-antenna relay channel model.
Bounds on the cooperative capacity in different SNR regions
are derived in Section III. Then Section IV illustrates the
numerical results with an example of a 2× 2 cluster network,
followed by conclusions in Section V.

II. SYSTEM MODEL

A. Motivation
We consider a multiple-antenna Gaussian relay channel,

where the source has a single antenna, the relay has M − 1
antennas, and the destination has M antennas, as illustrated
in Fig. 1. The relay is assumed to be close to the source,
and together they form the transmit cluster. The destination
is far from the transmitter cluster, and thus approximately
equidistant from the source and the relay. The multiple-antenna
relay channel serves as an optimistic model for cooperative
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Fig. 1. Cooperation system model: the source has a single antenna; the relay
is close to the source and it has M − 1 antennas; the destination has M

antennas.

systems that comprise transmit and receive clusters of single-
antenna nodes. In particular, the multiple-antenna relay chan-
nel performance represents an upper bound for the case where
the source utilizes multiple single-antenna nodes clustered
together that coordinate to form a relay.

In general, the capacity of a relay channel remains an open
problem; however, when the relay is close to the source,
the decode-and-forward coding scheme is close to capacity-
achieving [13]. Therefore, the capacity of the cooperative
system in Fig. 1 is well-characterized. In this paper, we will
study the cooperative capacity in different SNR regions, based
on the given geometry (proximity between the source and
relay) and the number of cooperating antennas in each cluster.

B. Channel model
Consider a discrete-time frequency-flat block fading wire-

less channel where the received signals are corrupted by
additive white Gaussian noise (AWGN). The relay network
in Fig. 1 is described by

yr =
√

gP hrx1 + nr (1)

y =
√

P/M
[

h1 Hr

]

[

x1

xr

]

+ n, (2)

where x1 ∈ C is the signal sent by the source, y ∈ C
M

is the signal vector received by the destination, xr,yr ∈
C

M−1 are the transmitted and received signal vectors of the
relay, respectively, and nr ∈ C

M−1, n ∈ C
M are inde-

pendent zero-mean circularly symmetric complex Gaussian
(ZMCSCG) white noise with normalized covariance matrices:
E[nrnr

H ] = IM−1, E[nnH ] = IM .
The random vectors hr, h1 and Hr are the fading complex

channel gains between the nodes. In this paper, to isolate
the effect of geometry on cooperation, we consider the phase
fading model [13], in which each entry in hr, h1 and Hr has
a constant magnitude of unity, and an independent identically
distributed (iid) random phase uniform between 0 and 2π in
each channel realization. The phase fading model is applicable
when the channel has a strong line-of-sight (LOS) component
with limited scattering. We assume all nodes have perfect CSI,
and the transmitters are able to adapt to the instantaneous
channel realizations in each fading block. For compact pre-
sentation, we let S represent the the CSI (i.e., hr, h1, Hr),

and s designate a particular channel state realization. The
channel power gain between the source and relay is denoted
by g ∈ R+; as the cooperating nodes are assumed to be close
together, the scenario of interest is when g is large.

The output of the relay depends causally on its past inputs.
Further, there is a per-node average transmit power constraint
on the system. To facilitate comparison with clusters that con-
sist of single-antenna nodes, we equalize the average transmit
power per antenna: ES [ |x1|2] ≤ 1, and Tr(Rxr

) ≤ M − 1,
where Tr(·) is the trace of the matrix, and Rxr

, ES [xrxr
H ].

Since the transmitters can perform power adaptation based on
the CSI, the expectation ES [ · ] is taken over repeated channel
uses over all channel states. The normalization factor P ∈ R+

represents the power available at the transmit cluster; in this
paper it is also referred to as the SNR of the system.

For notational convenience, we define x , [x1 xr]
T , and

H , [h1 Hr]. When the relay is colocated with the source,
and the individual node power constraint relaxed to a sum
power constraint, the cooperative system in Fig. 1 becomes a
multiple-antenna channel:

y =
√

P/M Hx + n, Tr(Rx) ≤ M. (3)

In this paper we refer to (3) as the corresponding MIMO
channel when drawing comparisons between a cooperative
system and a multiple-antenna system.

III. COOPERATIVE CAPACITY GAIN

The three-terminal network shown in Fig. 1 is a relay
channel [18], [19], and its capacity is not known in general.
To study the capacity of the cooperative system, Section III-
A and III-B consider the cut-set capacity upper bound and
decode-and-forward achievable rate [19], [20], and compare
them against MIMO channel capacity under different input
distribution and channel gain assumptions. Then in Section III-
C an SNR threshold is derived to delineate the cooperative
capacity gain in different SNR regions, based on the network
geometry and the number of cooperating antennas.

A. Cut-set bound
In [19], [20], a capacity upper bound was derived for the

relay channel. It is commonly referred to as the cut-set bound,
and under block fading with full CSI it is given by

RCS = ES

[

max
p(x1, xr|s)

min
{

ISIMO, IMIMO

}

]

, (4)

where ISIMO , I(x1;yry |xr, S = s) and IMIMO ,

I(x ;y |S = s) are the mutual information conditioned on
the channel state realization, and p(x1, xr | s) denotes all
conditional joint input distributions that satisfy the per-node
power constraints on x1, xr.

When the additive channel noise is ZMCSCG, it was
established in [21] that ZMCSCG inputs maximize the mutual
information. Hence for a Gaussian relay channel, specifying
the optimal input distribution p(x) is tantamount to finding the
maximizing input covariance matrix Rx. However, as reported
in [22], the optimization problem is non-convex and computing



Rx for even modest M remains a computationally arduous
task. To obtain a more tractable upper bound to the capacity
of the cooperative system, we relax the cut-set bound as

RCS ≤ ES

[

min
{

max
p(x1, xr|s)

ISIMO, max
p(x1, xr|s)

IMIMO

}]

(5)

≤ ES

[

min
{

max
p(x1, xr|s)

ISIMO, max
p(x|s)

IMIMO

} ]

, (6)

where the relaxation in (5) is from optimizing the input
distribution for each mutual information term independently,
and in (6) the notation p(x | s) is overloaded to signify the
per-node power constraints being replaced by the sum power
constraint on x: Tr(Rx) ≤ M .

We recognize the first mutual information term as the
capacity of a 1 × (2M − 1) SIMO channel under transmit
power constraint P/M :

CSIMO , max
p(x1, xr|s)

ISIMO (7)

= log
(

1 + (‖√g hr‖2
F + ‖h1‖2

F )P/M
)

(8)
= log

(

1 + (g(M − 1) + M)P/M
)

, (9)

where ‖ · ‖F is the Frobenius norm, and the log is base 2. The
next mutual information term is the instantaneous capacity of
an M × M MIMO channel, for which we denote CMIMO ,

maxp(x|s) IMIMO. Note that CMIMO depends on the channel
realization H. In [23], [24] it was shown that the highest
capacity from the best channel H subject to a fixed total
channel power transfer ‖H‖2

F = M2 is

ĈMIMO , max
H: ‖H‖2

F
=M2

CMIMO (10)

= max
T : T=1,2,...,M

T log(1 + M2P/T 2). (11)

The interpretation is that at low SNR, the best channel
concentrates all power on one eigenmode, and at higher SNR,
it distributes power evenly across additional eigenmodes. Since
both CSIMO and ĈMIMO are independent of the channel state,
the upper bound becomes

RCS ≤ min
{

CSIMO, ĈMIMO

}

. (12)

B. Decode-and-forward achievable rate
In the decode-and-forward coding scheme [4], [7], [13],

[19], transmission is done in blocks: the relay first fully
decodes the source’s message in one block, then in the ensuing
block the relay and the source cooperatively send the message
to the destination. The following rate can be achieved:

RDF = ES

[

max
p(x1, xr|s)

min
{

Icoop, IMIMO

}

]

, (13)

where Icoop , I(x1;yr |xr, S = s), and IMIMO is as defined
above in the cut-set bound. Since finding the optimal input
covariance matrix is computationally hard, we lower bound
RDF by considering a particular input covariance matrix Rx =
IM , i.e., by restricting the transmit cluster to sending only
isotropic inputs:

RDF ≥ ES

[

min
{

Icoop

∣

∣

Rx= IM

, IMIMO

∣

∣

Rx= IM

} ]

. (14)

The first mutual information term can be interpreted as the
rate at which cooperation information is conveyed from the
source to the relay, and it is the capacity of a 1 × (M − 1)
SIMO channel under transmit power constraint P/M :

Ccoop , Icoop

∣

∣

Rx= IM

(15)
= log

(

1 + ‖√g hr‖2
F P/M

)

(16)
= log

(

1 + g(M − 1)P/M
)

. (17)

We note that when the relay is near the source (g � 1),
‖√g hr‖2

F � ‖h1‖2
F , which implies Icoop ≈ ISIMO and

hence decode-and-forward is close to capacity-achieving.
The second mutual information term corresponds to the

capacity of an M × M MIMO channel without CSI at the
transmitter. In this case, the transmitter sends isotropic inputs
and achieves the rate CIM

, IMIMO|Rx= IM
. Given a fixed

total channel power transfer ( ‖H‖2
F = M2), an orthogonal

channel (i.e., HHH = MIM ) maximizes capacity when the
channel is unknown to the transmitter [25, Sec. 4.3]. Let C⊥

be the M × M orthogonal channel capacity, then

CIM
< C⊥ = log

∣

∣ IM + HHHP/M
∣

∣

∣

∣

∣

HHH=MIM

(18)

= M log(1 + P ). (19)

As C⊥ is greater than CIM
, the orthogonal channel capacity

does not serve to produce a lower bound on the decode-and-
forward rate RDF; rather, in Section III-C we employ C⊥ to
derive a lower bound to an SNR threshold, below which the
cooperative capacity is lower bounded by the isotropic-input
MIMO capacity ES [CIM

].

C. Cooperative capacity in low-SNR and high-SNR regions

The decode-and-forward rate is lower bounded by restricting
the transmit cluster to sending isotropic inputs, as described
in (14). We want to determine the SNR region in which
the cooperative capacity is at least as high as an isotropic-
input MIMO channel. This corresponds to the SNR region
when Ccoop ≥ CIM

, i.e., when the cooperation link between
the source and relay does not form a bottleneck. Since CIM

depends on the channel state, we will consider its upper
bound C⊥ to obtain an SNR threshold lower bound that is
independent of H. We define the SNR threshold lower bound
PL as the positive transmit power level where Ccoop and C⊥

meet: PL , P > 0 : Ccoop = C⊥. In our scenario of interest
(g � M ), it can be observed that C⊥ intersects with Ccoop

exactly once over positive P . Therefore, PL is the solution to

(1 + PL)M − g(M − 1)PL/M − 1 = 0, (20)

which is an M th degree polynomial in PL, and its roots can
be found numerically. Consequently, when P is lower than the
SNR threshold lower bound, we have that

Ccoop

∣

∣

P<PL

> C⊥

∣

∣

P<PL

> CIM

∣

∣

P<PL

, (21)



which implies the decode-and-forward achievable rate in (14)
is at least as high as the isotropic-input MIMO capacity:

RDF

∣

∣

P<PL

≥ ES

[

min
{

Ccoop

∣

∣

P<PL

, CIM

∣

∣

P<PL

} ]

(22)

= ES

[

CIM

∣

∣

P<PL

]

. (23)

Hence we refer to the range of SNR up to PL as the MIMO-
gain region. While imposing isotropic inputs restricts the
MIMO channel capacity, in [26] it was shown that the capacity
loss is upper bounded by approximately 0.53 bits per antenna.

Next, we investigate the SNR region under which the
cooperative system is bounded away from achieving MIMO
capacity gain. Recall that the capacity cut-set bound is upper
bounded by (12). We define the SNR threshold upper bound
PU as the positive transmit power level where CSIMO and C⊥

meet: PU , P > 0 : CSIMO = C⊥. Similarly, when g � M ,
PU is the solution to

(1 + PU )M − (1 + g(M − 1)/M)PU − 1 = 0, (24)

which can be solved numerically. For any P higher than the
SNR threshold upper bound, we have

CSIMO

∣

∣

P>PU

< C⊥

∣

∣

P>PU

≤ ĈMIMO

∣

∣

P>PU

. (25)

When we apply (25) to the capacity upper bound in (12), it
follows that the cooperative capacity is strictly less than the
orthogonal MIMO capacity:

RCS

∣

∣

P>PU

≤ min
{

CSIMO

∣

∣

P>PU

, ĈMIMO

∣

∣

P>PU

}

(26)

= CSIMO

∣

∣

P>PU

< C⊥

∣

∣

P>PU

. (27)

In particular, we observe that when P > PU , the cooperative
system capacity is limited by the SIMO channel capacity,
which has a multiplexing gain of one. Hence we refer to the
range of SNR above PU as the coordination-limited region.
We note that when the relay is near the source (g � 1),
‖√g hr‖2

F � ‖h1‖2
F , which implies Ccoop ≈ CSIMO, and

hence PL, PU are approximately equal.
Numerical solutions of PL, PU for different values of M

and g are plotted in Fig. 2. Note that since g is large, PL ≈ PU

as expected, and their plots overlap. The SNR thresholds
increase with g, thus when the cooperating nodes are closer
together, the MIMO-gain region extends to a higher SNR.
The number of cooperating antennas M , on the other hand,
represents a coordination overhead. When M is large, the
coordination-limited region sets in at a lower SNR.

We note that as the SNR increases, or the number of
cooperating antennas becomes large, the cooperative system
will eventually operate in the coordination-limited region,
which is consistent with the capacity results in the asymptotic
regime for high SNR [16], or large cooperative networks [17].

IV. NUMERICAL RESULTS

For computational tractability, we consider a small coop-
erating cluster network where M = 2. A two-dimensional
ZMCSCG input vector x ∈ C

2, x , [x1 xr]
T is completely

specified by its Hermitian positive semi-definite covariance
matrix Rx ∈ C

2×2. Since it is non-trivial to compute the
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Fig. 2. Cooperative capacity gain regions: SNR threshold lower and upper
bounds based on the network geometry and number of cooperating antennas.

optimal power allocation across the fading states, we tighten
the power constraints to require they be satisfied in each fading
block, i.e., E[ |x1|2] = E[ |xr|2] = 1, where the expectation is
taken within a fading block. Applying the short-term power
constraints, we have Rx = [ [ 1 ρ∗]T [ ρ 1 ]T ], where ρ ∈ C is
the correlation coefficient between x1 and xr: ρ , E[x1x

∗
r ],

|ρ|2 ≤ 1, and ρ needs to be optimized for each channel state.
The capacity upper bounds from Section III-A are valid since
the tightened constraints cannot increase capacity, and the
capacity lower bounds from Section III-B still apply because
isotropic inputs satisfy the short-term power constraints.

Under the ZMCSCG input vector x, the relay channel cut-
set bound in (4) becomes

RCS = ES

[

max
|ρ|2≤1

min
{

log
(

1 + (g+2)(1−|ρ|2)P/2
)

,

log
∣

∣ I2 + HRxH
HP/2

∣

∣

}]

,
(28)

and the decode-and-forward rate (13) achieves

RDF = ES

[

max
|ρ|2≤1

min
{

log
(

1 + g(1 − |ρ|2)P/2
)

,

log
∣

∣ I2 + HRxH
HP/2

∣

∣

}]

.
(29)

The cut-set bound and the decode-and-forward rate are nu-
merically evaluated via Monte Carlo simulation over 1000
instances of channel realizations. Under each channel re-
alization, to ease computation complexity, the optimization
is relaxed to find the maximum rate with the correlation
coefficient ρ varying in discrete steps of 0.05ej0.1.

The relay channel cut-set bound RCS and decode-and-
forward rate RDF are shown in Fig. 3, along with the SNR
threshold lower and upper bounds PL, PU , and the multiple-
antenna capacity bounds C⊥, ES [CIM

], CSIMO, and Ccoop.
For comparison, also plotted in Fig. 3 is the non-cooperative
capacity Cnc = log(1 + 2P ), which corresponds to the
case where the relay is not used, and the source is under
power constraint P . We assume the relay is near the source
(g = 100); decode-and-forward is close to capacity-achieving
as expected, and plots of RCS, RDF appear overlapped. We
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observe that in the MIMO-gain region when P < PL,
the relay rate RDF outperforms the isotropic-input MIMO
capacity ES [CIM

]. On the other hand, in the coordination-
limited region, as P > PU , the relay cut-set bound RCS fails
to parallel the orthogonal channel capacity C⊥. Indeed, the
cooperative capacity is bottlenecked by the SIMO channel
capacity CSIMO, and which scales with the SNR as Θ(log P ),
instead of Θ(2 log P ).

V. CONCLUSION

We have shown that in a cooperative system, up to a
lower bound to an SNR threshold, MIMO capacity gain is
achievable. However, beyond an upper bound to the SNR
threshold, the cooperative capacity is limited by that of a
SIMO channel, which has a multiplexing gain of one. The
SNR threshold depends on the network geometry (the power
gain g between the source and relay) and the number of
cooperating antennas M ; when the relay is close to the source
(g � 1), the SNR threshold lower and upper bounds are
approximately equal.

As the cooperating nodes draw closer to each other, i.e.,
as g increases, the MIMO-gain region extends to a higher
SNR. On the other hand, a populous cluster, i.e., when M
is large, represents a more demanding cooperation overhead,
and the coordination-limited region sets in at a lower SNR.
Therefore, for a given cooperative system (i.e., fixed geometry
and number of cooperating antennas), a MIMO-gain SNR
region can be established within which cooperation is efficient.

In this paper we assume a phase fading environment where
the channel gain has constant magnitude. To incorporate the
effects of fading channel magnitude on cooperative perfor-
mance, the analysis may be extended under Rayleigh fading.
Further work includes considering cooperative systems for
which the dominant coordination cost resides in the receive
cluster (the source has multiple antennas, and the relay is
near the single-antenna destination), or possibly in both the
transmit and receive clusters (one relay is near the single-
antenna source, and a second relay is near the single-antenna
destination).
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