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Abstract— We provide a single-letter characterization for the
capacity region of a class of discrete degraded interference
channels (DDICs). The class of DDICs considered includes
the discrete additive degraded interfer ence channel (DADIC)
studied by Benzel [1]. We show that for the class of DDICs
studied, encoder cooperation does not increasethe capacity
region, and therefore, the capacity region of the classof DDICs
is the sameasthe capacity regionof the correspondingdegraded
broadcastchannel.

I. INTRODUCTION

In wireless communicationswhere multiple transmitter
and recever pairs sharethe samemedium, interferenceis
unavoidable.How to bestmanagenterferencecomingfrom
other usersand how not to causetoo much interferenceto
otheruserswhile maintainingthe quality of communication
is a challengingquestionand of a greatdeal of practical
interest.

To be able to understandthe effect of interferenceon
communicationdetter interferencechannel(IC) has been
introducedin [2]. The IC is a simple network consistingof
two pairs of transmittersand recevers. Eachpair wishesto
communicateat a certainrate with negligible probability of
error. However, the two communicationgnterferewith each
other To bestunderstandhe managemenbf interference,
we needto nd the capacity region of the IC. However,
the problem of nding the capacity region of the IC is
essentiallyopenexceptin somespecialcasesge.g., a class
of deterministiclCs [3], discreteadditive degradedinterfer
encechannels(DADICs) [1], strongICs [4], [5], ICs with
statisticallyequivalent outputs[6]—[8].

In this paper we considera class of discretedegraded
interferencechannels(DDICs). In a DDIC, only the “bad”
recever facesinterference,while the “good” recever has
the ability to decodeboth messagesnd thus, behaeslike
the recever of a multiple accesschannel.lt is this fact that
males the DDIC easierto analyzeas comparedto the IC,
whereboth receversare facedwith interference.

We provide a single-lettercharacterizatioffior the capacity
region of a classof DDICs. The classof DDICs includesthe
DADICs studiedby Benzel[1]. We shaw that for the class
of DDICs studied, encodercooperationdoes not increase
the capacityregion, andtherefore the capacityregion of the
classof DDICs is the sameas the capacityregion of the
correspondinglegradedbroadcasthannelwhich is known.
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Il. SYSTEM MODEL

A discretememorylessC consistf two transmittersand
two recevers. Transmitter1 has messageW; to sendto
recever 1. Transmitter2 hasmessagé/V, to sendto recever
2. MessageswW; and W, are independent.The channel
consistsof two input alphabetsX; and X,, andtwo output
alphabets)Y; andY,. The channeltransition probability is
P(Y1; Y2iX1; X2).

In this paper our de nition of degradednesss in the
stochasticsense,i.e., we say that an IC is DDIC if there
exists a probability distribution pY(y,jy1) suchthat

X

P(y1iX1; X2)pXY2jy1) 1)

y12Y 1

P(Y2)X1;X2) =

for all x; 2 X1, X2 2 X andy, 2 Y,. However, we note
that for any DDIC, we canform anotherDDIC (physically
degraded)by

P(Y1; Y2iX1;X2) = P(Y1iXa; X2)pAY2iy1) )

which hasthesamemaminals,p(y1jXx1;X2) andp(y2jX1; X2),

asthe original DDIC. Sincethe recevers do not cooperate
in an IC, similar to the case of the broadcastchannel
[9, Problem14.10], the capacityregion is only a function

of the maminals, p(y1jX1;x2) and p(y2jx1;X2), and the
rate pairs in the capacity region can be achieved by the

sameachievability schemefor different ICs with the same
mauginals. Hence, the capacity results that we obtain for

DDICs which satisfy (2) will be valid for any DDIC that
hasthe samemarginals,p(y1jx1; X2) andp(yzjx1; X2). Thus,
without loss of generality from now on, we may restrict
oursehesto studyingDDICs that satisfy (2).

A DDIC is characterizedby two transition probabilities,
pAy.jy1) and p(y1jx1;X2). For notational corvenience let
TO denotethe jY,j jY1j matrix of transition probabilities
pAy2jy1), andTy, denotethejY1j jX1j matrix of transition
probabilitiesp(y1jX1; X2), for all x, 2 Xs.

Throughoutthe paper , will denotethe probability
simplex
0;i=12 ;n

(P1;P2;  iPn)

®3)

andJ , will denotetherepresentationf the symmetricgroup
of permutationsof n objectsby the n n permutation
matrices.

The classof DDICs we considerin this papersatis esthe
following conditions:



1) TYis input symmetric.Let the input symmetrygroup
be G.

2) Forary x3;x9%2 X,, thereexists a permutationmatrix
G 2 G, suchthat

Txg = GTxep 4
3) H(Y1jX1 = x1;X2 = X2) = , independendf xi,
X2.
4) p(y1jX1;X2) satis es
p(Y1jX1;X2) = iY—le X12 X1;y12 Y1 (5)

X2
5) Letpy,:x, bethejY;j dimensionalectorof probabil-

ities p(y1jX1; X2) for agivenxy; X,. Then,thereexists
anx, 2 X,, suchthat

X X
Ay ixo Pxyxs - Aixo = Liaxgx, O
X1;X2 X1:X2
X X
G By Pxyixs b,=1Lb, 0G2G
X1 X1
(6)

The de nition of an input symmetricchannelis givenin
[10, Sectionll.D]. For completenessye repeatit here.For
anm n stochastignatrix T°(ann input, m outputchannel),
the input symmetrygroup G is de ned as

T%G =

i.e., G is the set of permutationmatricesG such that the
column permutationsof T° with G may be achieved with
correspondingow permutationsT? is input symmetric, if
G is transitve, i.e., ary elementof f1;2; ;ng can be
mappedto every other elementof f1;2; ;ng by some
memberof G. G beinga transitve subgroupmeansthat the
outputentropy of channelT© is maximizedwhen the input
distribution is chosento be the uniform distribution, i.e.,

G=1G2J,:9 2Jn; T% (7

max H(T%) = H(T%) (8)
P2
where u denotesthe uniform distribution in . This is
becausefor ary p 2, if weletq = jG 1 ,c Gp,
thenwe have
I
X
H(T%)=H jG ' T%p )
G2G |
v !
=H jg ! cTh (10)
X G2G
G ' H(cThH) (11)
G2G
= H(T%) (12)

where(10) followsfrom thefactthatG 2 G, and(11)follows
from the concavity of the entrogy function. Note thatfor any
G2 G,

G =q (13)

by thefactthatGis agroup.SinceGis alsotransitve,q = u.

Condition 2 implies that for ary p(x1), H(Y1jX, =
X2) doesnot dependon x,. Combinedwith condition 1,
condition 2 further implies that H (Y2jX2 = x,) doesnot
dependon x, eithet Thesetwo factswill be proved and
utilized in other proofslater

A sufcient conditionfor condition 3 to hold is that the
vectorsp(y1jX1 = X1; X2 = Xp) for all (x1;%2) 2 X3 X3
arepermutation®f eachother Thisiis true for instancewvhen
the channelfrom Y; to Y; is additive [1].

By condition 4, we can showv that when X, takes the
uniform distribution, Y7 will also be uniformly distributed.
Combinedwith condition 1, condition 4 implies that when
X, takes the uniform distribution, H (Y2) is maximized,
irrespectve of p(x1).

In condition 5, the rst line of (6) denotesthe setof all
convex combinationof vectorspy, ., for all X1;Xx2 2 X4
X5, while the secondline denotesall corvex combinations,
and their permutationswith G 2 G, of vectorspy,.x, for
all x; 2 X, but for a xed x, 2 X,. Therefore,this
conditionmeanghatall corvex combinationf py,.x, may
be obtainedby a combinationof corvex combinationsof
Px,:x, fOr a X edx,, and permutationsn G.

The DADICs consideredn [1] satisfy conditions1-5, as
we will shav in SectionVI-A.

The aim of this paperis to provide a single-letterchar
acterizationfor the capacity region of DDICs that satisfy
conditions 1-5, and we will follow the proof techniqueof
[1] with appropriategeneralizations.

[11. THE OUTER BOUND (CONVERSE)

When we assumethat the encodersare able to fully
cooperatej.e., both encodersknow both message®V; and
W,, we geta correspondinglegradedbroadcasthannelwith
inputx = (X1;X2). Thecapacityregion of the corresponding
degradedbroadcasthannelsenesasan outerboundon the
capacity region of the DDIC. The capacity region of the
degradedbroadcastchannelis known [9], [11], [12], and
thus, a single-letterouter bound on the capacity region of
the DDIC is

[ .
co (R1;R2) : R 1(X1;X2;Y1jU)

p(u);p(x1:x2ju) #

Rz 1(U;Y2) (14)

whereto denotesthe closureof the cornvex hull operation,
and the auxiliary random variable U, which satis es the
Markov chain U | (X1;X2) ! Yr ! Y has
cardinality boundedby jUj min (Y 1j; Y 2j; iX1jiX 2)).
More speci cally, for DDICs that satisfy condition 3, (14)



canbe written as

[

co (R1;R2) :R1 H(Y1jU)
p(u);p(x1;x2ju) #
Rz 1(U5Y2) (15)
Letusde ne T(c) as
T(c) = max I (U;Y2) (16)
p(u)p(x1; X2ju)
H(Y1jU) = c

jUj
wherethe entropiesare calculatedaccordingto the distribu-
tion
P(U; X1 X2; Y15 Y2) = P(U)P(X1; X2ju)P(Y1jX1; X2)PAY2jy1)
17)

Using condition 3, we canshawv that ¢ logjYij. T(c)
is concae in ¢ [1], [13], and therefore,(15) can also be
written as

[

¢ logjYaj

min (Y 1j;jY 2j; jX 1jiX 2j)

(R]_;Rz) : Rl C

Ra  T(0) (18)

IV. AN ACHIEVABLE REGION

Basedon [7, Theorem4], the following region is achies-
able,

[ .
(R1;R2) :R1 1(X1;Y1jX2)
p(x1);p(x2) #

co

Rz 1(X2:Y2) (19)
which correspondso the achievability schemehatthe “bad”
recever treatsthe signal for the “good” recever as pure
noise, and the “good” recever decodeshoth messagesas
if it is the recever in a multiple accesschannel.

For DDICs that satisfy condition 3, (19) reducesto

[ .
co (R]_; Rg) : Rl H (Y1]X2)
P(x1):p(X2) 4

Rz H(Y2) H(Y2jX2)

(20)

We note that (20) remains an achievable region if we
choosep(xz) to be the uniform distribution. Furthermore,
by choosingp(x,) asthe uniform distribution, we have

X

. 1
p(y1) = p(y1jX1;X2)p(X1) o (21)

X1;X2 JXZJ

X
=— X jX1;X 22
X p(X1) . p(Y1jX1; X2) (22)
1

=— 23
JY1j 3)

where(23) usescondition4. Thus,whenp(xz) is chosenas
the uniform distribution, p(y;1) resultsin a uniform distribu-
tion aswell. Letusde ne as

= _max H(T %)

p Y 1i

(24)

Using the fact that the DDIC under considerationsatis es
conditionl, i.e., it satis es (8), we have thatwhenp(xy) is
uniform, and consequently(y1) is uniform,

H(Y2) = (25)

Hence,choosingp(x;) to betheuniform distributionin (20),
yields the following as an achievable region,
[ :
to (Ri;R2) :R1  ——  H(Y1jX2=Xxp)
p(x1) Xl "
X

R2 v

H(Y2j X2 = X
X (Y2jX2 2)

X2

(26)
Dueto condition2, for ary p(x1) = p andary x3;x3%2 X,,
thereexists a permutationmatrix G 2 G suchthat

H(Y1jX2 = x3) = H(Txgp) (27)
= H (GTxop) (28)
= H (Txyp) (29)
= H(Y1jX2 = x3) (30)

which meansthat for any p(x1), H (Y1jX2 = X3) doesnot
dependon x,. Furthermore,for ary p(x;) = p and ary
x9;x9%2 X,, thereexist permutationmatricesG 2 Gand
of orderjY1j andjY,j respectiely, suchthat

H(Y2jX2 = x3) = H(T Tygp) (31)
= H(T%GTygp) (32)
= H( TTxwp) (33)
= H (T Txep) (34)
= H(Y2jX2 = x99 (35)

where (33) follows from the factthat G 2 G. (35) means

thatfor ary p(x1), H(Y2jX2 = X2) doesnot dependon x;

either Hence,the achievable region in (26) can further be

written as
co (R1;R2) 1 R1 H(Y1jX2 = X2)

p(x1) #

R2 H(Y2jX2 = X2) (36)
for ary x, 2 X,. Sincewe will use condition5 later, we

chooseto write the region of (36) as

(R1;R2) :R1 H(Y1jX2 = %)
p(x1) #

R H(Y2jX2 = %2) (37)



wherex, is givenin condition5.
Let usde ne F(c) as

F(c) = min
p(x1)
H(YijX2= %)= ¢

H(Y2jX2 = x2)  (38)

wherethe entropiesare calculatedaccordingto the distribu-
tion

P(Y1; Y2 X1j%2) = P(X1)P(Y1iX1; %2)PXY2iy1) (39)

In (38), we can write min instead of inf by the same
reasoningas in [14, Sectionl]. Note that F(c) is not a
function of ¥, becaus®f (30) and(35). Again, by condition
3, we canshow that ¢ logjYij. Hence the achievable
region‘in (37) canbe written as,

[

To (R1;R2) Ry c
¢ logjY.j #
R2 F(c) (40)
which by [1, Facts4 and5], canfurther be written as
[
(Ri;R2) *Ry1 ¢
¢ logjYij

Rz envF () (41)

where envF () denotesthe lower corvex ervelope of the
functionF ().

V. THE CAPACITY REGION

In this section,we shawv thatthe achievableregionin (41)
containsthe outerboundin (18), andthus,(18) and(41) are
both, in fact, single-lettercharacterization®f the capacity
region of DDICs satisfyingconditions1-5. To shaw this, it
sufces to prove that

T(c) enF (0); c logjYij  (42)

Letus x ac 2 [ ;logjYij]. Let p (u);p (x1;X2ju) be
the distributionsthat achieve the maximumin (16), i.e.,

H(YijU) = ¢ (43)

1 (U;Y2) = T(c) (44)

Using condition 5, for eachu 2 U, thereexistsa p¥(x1) =
pY anda permutationmatrix GY 2 G, suchthat

X
P (X1;X2JU = U)px,x, = G"Tx,p" (45)
X1iX2
Thus,we have
H(Y1jU = u) = H (G"Tyx,p") = H (T, p") (46)

(46) meansthat pY is in the feasiblesetof the optimization
in (38) whenc = H(Y1jU = u). Hence,

F(H (YU = 1) H (TT,p") (47)

We have
H(Y2jU = u) = H (TG Tk, p") (48)
=H( "TT,p") (49)
= H (T°Ty,p") (50)
F (H (Y1jU = u)) (51)

where (48), (49) and (51) follow from (45), the fact that
G 2 G, and(47), respectrely. Thus,
X

H(Y2jU)=  P(U = u)H(Y2jU = u) (52)
P(U = u)F (H (YajU = u)) (53)
P(U= u)enF (H (YojU=u)) (54)
u !
enF P(U = uH (YjU = U). (55)
= envF (Hu(Ylju)) (56)
= enF (o) (57)

where (53) follows from (51), (54) follows from the de ni-
tion of env, and (55) follows from corvexity of ervF ().
Finally, for ¢ logjYij, we have

T(9=1(U;Y2) (58)

= H(Y2) H(Y2jU) (59)

envk(c) (60)

where(60) follows from (57) andthe de nition of in (24).

Therefore we concludethat the single-lettercharacteriza-
tion of the capacityregion of DDICs satisfying conditions
1-5is (41), andalso(18). To achieve point (R1; R2) on the
boundaryof the capacityregion, if R; andR, aresuchthat

Ri=c R, = F(C) (61)

forsome ¢ logjYij, transmittersl and2 generatean-

dom codebooksaccordingto p (X1), whichis the minimizer
of F(Ry+ ), andp (X2), whichis the uniform distribution,

respectiely, and transmit the codevords correspondingo

the realizationsof their own messagesRecever 1 performs
successie decoding,in the order of message2, and then
messagel. Recever 2 decodesits own messagetreating
interferencefrom transmitter1 as pure noise. To achieve

point (R1; R2) on the capacityregion, whereR; andR; do

not satisfy (61), time-sharingshould be used.Furthermore,
we note that for theseDDICs, encodercooperationcannot
increasethe capacityregion.

VI. EXAMPLES

In this section,we will provide threeexamplesof DDICs
for which conditions1-5 are satis ed. The rst exampleis
the channelmodel adoptedin [1], for which the capacity
region is alreadyknown. In the secondand third examples,
the capacityregions are previously unknavn, and using the
resultsof this paper we are ableto determinethe capacity
regions.



A. Examplel
A DADIC is de ned as[1]
Yi1=X1 X2 Vi (62)
Yo=X1 X2 Vi W, (63)
where
X1=Xo=Y1=Y,=S=10;1; ;s 1g (64)

and denotesnodulos sum,andV; andV, areindependent
noiserandomvariablesde ned over S with distributions

pi = (Pi(0);pi(1); spi(s 1); i=1L2  (65)

SinceY, = Yy Vs, matrix TCis circulant, and thus input
symmetric[10, Sectionll.D]. Hence,conditionl is satis ed.
It is straightforvard to check that conditions2-5 are also
satis ed. For examplze,whens = 3, we have

3
P2(0) p2(2) p2(2)

TO= 4py(1) p2(0) P2(2)° (66)
P2(2) p2(1) p2(0)
andthe input symmetrygroupfor T9is
2 3 2 3
( 100 00 1
G= Gp=40 1 05; Gy=41 0 05;
0 0 1 20 1 03)
010
G,=40 0 15 (67)
1 0O
which is transitive, i.e., 1 9 221 9 32 9 1.2 9
339 1,3 9 2 I;rom (62), we write
p1(0) p1(2) pu(1)
To= 4pi(1) pu(0) pu(2)® (68)
oP1 (2) pu(1) pu0) 3
p1(2) p1(1) p(0)
Ti=4pi(0) pu(2) pe(1)° (69)
oP1 (1) p(0) pu2) 3
p1(1) p1(0) pu(2)
To=4pi(2) pu(l) pe(0)° (70)
p1(0) p1(2) pu(1)
Conditions2-4 are satis ed because
T1= GiTo; T2 = GoTo (71)
X = H(W) (72)
p(y1jX1;X2) = p1(0) + p1(1) + p1(2) =1 (73)
X2
Next, we checkcondition5.
X X
Ax1x2 Pxixo - ax,x, = Lax,x, O (74)
X1§X20 1 1.X2 0 1
p1(0) p1(2) p1(1)
= a@p(1)A + b@p(0)A + c@py(2)A :
P1(2) p1(1) ) p1(0)
a+b+c=1abc O (75)

becauseeven though (74) is a corvex combinationof 9
vectors,dueto vectorsrepeatingthemselesin the columns
of Tg, T1 and T,, the set, in fact, consists of corvex
combinationsof only 3 vectors. On the other hand, for
X2 = 0,

X
G b<1p>(1;>%2 b(l =1 b(l 0;G= Gy
( 0 1 0 1 0 (76)
p1(0) P1(2) p1(1)
= a@y(1)A + b@p(0)A + c@py(2)A
p1(2) p1(1) ) p1(0)
a+b+c=1abc O (77)

becausg76) is the corvex combinationsof the columnsof
To, with the unitary permutation.Thus,

X X
Ax1ix2 Pxixe - Aix, = Liagx, O
X1:X2 X1:X2
X X
= G b(lpxl;xg . b(l = 1;b<1 0;,G = Gog
X1 X1
(78)
X X
G l:&1p><1;>€z : b(l = 1;@1 O;G 2G
X1 X1
(79)

andcondition5 is satis ed.

B. Example2

Next, we considerthe following DDIC. We have jX 4] =
iX2j = jY1) = 2;jY2j = 3, andp(y1jX1; X2) is characterized
by

Yi=X1 X2 Vi (80)

whereV; is Bernoulliwith p. pXy-jy:1) is anerasurechannel
with parameter0 1, i.e., the transition probability
matrix is
2 3
1 0
TO: 4 5
0 1

(81)

Thus, the channelis such that the “bad” recever cannot
receve all the bits that the “good” recever receves. More
speci cally, proportionof the time, whetherthe bit is a 0
or 1 is unrecognizableandthus denotedas an erasuree.

It is easyto seethat T? is input symmetricbecausethe

input symmetrygroup
( 10 O 1)
G= 91710 (82)
is transitve. Conditions 2-5 are satised because

p(y1jX1;X2) is the same as in Example 1 in Section
VI-A.



C. Example3 AR

Let a;b;c;d;e;f be non-ngative numberssuchthat a +
b+ c=landd+ e+ f = 1=2. We have jX1j = 4, jX3j =

jY1j = 3, andjY,j = 6. Ehe DDIC !’35 describedas
d e f
e f d
d f e
0_—
T = f e d (83)
e d f
f d
2 K
a b c c
To=4b c a bd (84)
2c a b a3
c a b a
T.=4%a b c ¢c5 (85)
2 b c a b3 Fig. 1. Explanationof condition5 in example3.
b c ab
T,=4c a b ad (86)
a b c c and
It is straightforwardto seethat T %is input symmetricbecause X X
theinputsymmetzrygroup 3 ) 3 G B, Pxyox, - b,=1b, 0G=G;
( 100 00 1 ( 23 23 *23 23
G= Gp=40 1 05;G;=41 0 05; C a b a
001 010 = 14ad+ ,4p5+ 34c5+ 4405
010 1 00 ) )
G,=40 0 15;G3=40 0 15; X
100 o010 =L 0 (99)
2 3 2 3) i=1
010 0 0 1
Gs=41 0 09;Gs=40 1 05 (87) and
0 01 1 00 X
is transitve. Conditions2-4 are satis ed because G B Pxix. © B =Lb, 0G=G;
Ti= GiTo, Ta= GyTo (88) ( 2;;3 2C3 Xl2a3 2b3
X " aloga blogbh clogc (89) = ,4c5+ ,4a5+ ;4p5+ ,4a5:
P(Y1iX1iXz) = a+ b+ c= 1 (90) 2 b c ©
X2 X4
To shav condition 5, we useFigure 1. The seton the rst o iF L 0 (94)
line of (6) in condition5 is the corvex combinationof the =1
following six pomtzs 323232302 3 correspondto the points in the three shadedareas,[abg
a c b b cba bca cal, [acb;abc;bcajcald, and [bac;cab;abc;bcd,
4b5 ;4c5;4a5;4a5;4c¢5; 4b5 (91) respectiely. Since the three shadedareascover the entire
c b b c a a hexagon,andf Gg; G1; G2g G, condition5 is satis ed.
resultingin all the points within the hexagonin Figure 1.
The threesets VII. CONCLUSION
X X
G Bo,Pxix. ¢ By =1L, 0,G= Go We provide a single-lettercharacterizatioror the capacity
( 2%y 23 X9 g 2 3 region of a classof DDICs, which is more generalthanthe
c c classof DADICs studiedby Benzel[1]. We shawv that for
= 14b5+ ,4c5+ g4ad+ L4pO: the classof DDICs studied,encodercooperationdoes not
c a b a ) increasethe capacityregion, andthe bestway to managethe
X4 interferencas throughrandomcodebookdesignandtreating
i=1 i O (92) thesignalfor the “good” receier aspure noiseat the “bad”

i=1 recever.
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